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Abstract 

We show that every modular category is equivalent as an additive ribbon category 
to the category of finite-dimensional comodules of a Weak Hopf Algebra. This Weak 
Hopf Algebra is finite-dimensional, split cosemisimple, weakly cofactorizable, coribbon 
and has trivially intersecting base algebras. In order to arrive at this characterization of 
modular categories, we develop a generalization of Tannaka-Krem reconstruction to the 
long version of the canonical forgetful functor which is lax and oplax monoidal, but not 
in general strong monoidal, thereby avoiding all the difficulties related to non-integral 
Frobenius-Perron dimensions. In the more general case of a finitely semisimple additive 
ribbon category, not necessarily modular, the reconstructed Weak Hopf Algebra is finite- 
dimensional, split cosemisimple, coribbon and has trivially intersecting base algebras. 
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1 Introduction 

A modular category [1,2] is a finitely semisimple additive ribbon category that satisfies a non- 
degeneracy condition. For the precise definition, see Section 12.11 below. Modular categories 
are of interest in a variety of areas from low-dimensional topology [1,2] to Conformal Field 
Theory [3,4], subfactor theory [5] and 3-dimensional quantum gravity [6]. 

It is well known that some modular categories are equivalent to categories of the form 
aM, the category of left A-modules of some suitable ring or algebra A. Since algebras are 
often easier to deal with than categories, it is an interesting problem to understand whether all 
modular categories are of this form. We show that this is indeed the case. We restrict ourselves 
to modular categories C for which the commutative ring k = End(l), i.e. the endomorphisms 
of the monoidal unit object, is a field. 

In many cases, it is outright obvious that a modular category C is equivalent to the category 
aM for some /c-algebra A. This is the case, for example, if all simple objects Vj of C are 
finite-dimensional vector spaces over some field k. Since C is by definition finitely semisimpl^, 
A is just a finite direct sum of the appropriate rij x rij-matrix algebras with coefficients in k 

*E-mail; pf eif f er@math.ubc . ca 

^The assumption of finite semisimplicity includes that End(V,) = k for each simple object Vj of C. 
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where nj = dinifc Vj. The equivalence C ~ aM is just an equivalence of (ordinary) categories, 
and one still needs to determine which additional structure and properties of A give rise to 
the monoidal structure, braiding, ribbon structure and special properties of C. 

Which sort of additional structure on a /c-algebra A would be sufficient in order to equip 
the category a-M. of left j4-modules with the structure of a monoidal category? The most 
widely known answer to this question is that one can employ the structure of a Hopf algebra 
or a bialgebra. It is further known, for example, that ribbon Hopf algebras H [7], a special 
sort of quasitriangular Hopf algebras, have categories of left i^-modules that carry the 
structure of ribbon categories. In order to answer the converse question, i.e. which ribbon 
categories are of the form h-M. for some /c-algebra H, Tannaka-Krein reconstruction [8, 9] 
was generalized from (the coordinate rings of) groups to Hopf algebras, ribbon Hopf algebras 
and even quasi Hopf algebras, see, for example [10-14]. These constructions successfully deal 
with the additional structure such as duality, braiding and the ribbon structure, but quite a 
basic problem with the monoidal structure is left unsolved. 

The problem is that not every rigid monoidal category is monoidally equivalent to the 
category of modules over a Hopf algebra or a quasi Hopf algebra. For example, a modular 
category C with End(l) = C is the category of ff- modules for some finite-dimensional quasi 
Hopf algebra H if and only if each simple object of C has an integer Frobenius-Perron di- 
mension [15, Theorem 8.33]. But there exist interesting examples of modular categories that 
contain objects of non- integer Frobenius-Perron dimensioiH. 

In order to deal with non-integer Frobenius-Perron dimensions, Bohm, Nill and Szlachanyi 
have invented the concept of Weak Bialgebras (WBAs) and Weak Hopf Algebras (WHAs) [17- 
22]. Bohm's thesis [23] contains the first examples of modular categories which have objects of 
non-integer Frobenius-Perron dimension and which are shown to be the categories of modules 
of some finite-dimensional WBA. The definitions of a WBA and of a WHA are summarized 
in detail in Section [2.21 below. 

Is the concept of a WBA general enough in order to show that every modular category C 
is equivalent (first as a monoidal and then as a ribbon category) to the category of modules 
of some WBA H? It is useful to subdivide this question into the following three steps: 

(1) Can every object X € \C\ be viewed as a /c-vector space for some k? 

(2) Does the monoidal structure of C arise from the WBA structure of H7 

(3) Which additional structure and properties of H are required in order to obtain duality, 
braiding and ribbon structure of C and in order to satisfy the non-degeneracy condition? 

Question (1) was answered by Hayashi [24] who showed that there is a canonical forgetful 
functor uj: C ^ rMr into the category rMr of {R, i?)-bimodules. Here R = End{V) is the 
commutative fc-algebra, k = End(l), of endomorphisms of the universal object, 

V = ®V„ (1.1) 

the direct sum over one representative Vj for each isomorphism class of simple objects. 

^Important examples of modular categories are related to (a finite-dimensional version of) the Hopf algebras 
Uqis), q a root of unity, see, for example [1, 16]. These are, however, not ^ {g)M- One rather has to take first 
the full subcategory of tilting modules of ^ and then a quotient of that subcategory, dividing out the 

negligible morphisms. The resulting modular category is in general no longer of the form hM for any Hopf 
algebra H. 
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This functor a) : C — > rA4r is now known as the short forgetful functor. In order to 
solve question (1) above, one composes it with the forgetful functor rMr Vect^ that 
assigns to each [R, i?)-bimodule the underlying A:-vector space, and thereby obtains the long 
forgetful functor w: C — > Vect^. While the short forgetful functor is strong monoidal, the 
long forgetful functor is in general not strong monoidal and therefore not a fibre functor in 
the usual technical sense. Szlachanyi [25] has characterized those long forgetful functors that 
originate from the categories of modules of WBAs. 

Hayashi [24] and Hai [26] have studied the generalization of Tannaka-Krein reconstruction 
to the case of the short forgetful functor, i.e. to a strong monoidal functor into the bimodule 
category rM.r. It is known that the reconstructed algebraic structure is a bialgebroid over 
R and, furthermore, since i? is a finite-dimensional separable commutative fc-algebra, one 
actually gets a WBA [25]. Therefore, Ostrik [27] concludes from these abstract considerations 
that the answer to question (2) above is 'y^s'. 

Tannaka-Krein reconstruction using the short forgetful functor a): C — > rMr alone, how- 
ever, uses the language of bialgebroids, and it is thus not transparent how duality, braiding 
and ribbon structure carry over from the modular category to the reconstructed WBA. 

It is the purpose of the present article to complete the programme of Tannaka-Krein 
reconstruction including question (3) above, and to prove the following 

Theorem 1.1. Every modular category for which k = End(l) is a field, is equivalent as a k- 
linear ribbon category to the category of finite-dimensional comodules of a finite-dimensional 
split cosemisimple weakly cofactorizable coribbon WHA over k whose base algebras intersect 
trivially. 

This theorem also holds, more generally, without the non-degeneracy condition on the 
S'-matrix: 

Theorem 1.2. Every finitely semisimple additive ribbon category for which k = End(l) is 
a field, is equivalent as a fc-linear ribbon category to the category of finite-dimensional co- 
modules of a finite-dimensional split cosemisimple coribbon WHA over k whose base algebras 
intersect trivially. 

We reconstruct this WHA, characterize all its operations by the universal property of the 
appropriate coend, i.e. the universal coacting coalgebra, and also write down the operations 
in terms of a convenient basis. 

Several authors have given sufficient conditions for the category of modules aM. of some 
/c-algebra A to be modular, see, for example [28, Lemma 1.1] for Drinfel'd doubles of Hopf 
algebras and [29, Lemma 8.2] for WHAs. As far as we know, Theorem 11.11 is the first one to 
establish the precise form of the converse implication, i.e. that every modular category can 
indeed be obtained from a WHA with the properties stated. 

In order to prove Theorem 11.11 we generalize Tannaka-Krein reconstruction to the long 
forgetful functor lo: C ^ Vect^. Since this functor has the category Vect^ of vector spaces 
over k as its codomain, reconstruction immediately yields a coalgebra objectH H in Vect^. 
This is substantially more transparent than a functor into the bimodule category and allows 
us to recover all additional operations of H by exploiting the universal property of the coend. 

^For the usual technical reasons, i.e. because we want to exploit that the category Vectfe is (small) cocom- 
plete and its tensor product preserves colimits in both arguments, we prefer to reconstruct a coalgebra rather 
than an algebra. For more details, we refer to Section [2.41 



4 



Tannaka-Krein reconstruction and modular tensor categories 



We emphasize that the long forgetful functor uo: C ^ Vect^ is in general not strong monoidal, 
but nevertheless both lax and oplax monoidal [25], and we have to generalize Tannaka-Krein 
reconstruction to this case. It is this property of being lax and oplax rather than strong 
monoidal that enables us to deal with non-integer Frobenius-Perron dimensions. 

The present article is structured as follows. In Section [21 we review the definitions and 
some key results on modular categories, WHAs, comodules, and on Tannaka-Krein recon- 
struction. In Section [Sj we study the properties of the long forgetful functor. We reconstruct 
a coribbon WHA from each modular category in Section HI In Section [5l we study the cate- 
gory of finite-dimensional comodules of a coribbon WHA, and in Section [H we show that the 
original modular category is equivalent to the category of finite-dimensional comodules of the 
reconstructed coribbon WHA. For convenient reference, we compile the relevant definitions 
and results about monoidal categories in Appendix lAl 

The reader who just wants to get a quick overview of how the reconstructed WHA looks 
like, without going through all the technical details, is invited to go straight to Section [7| 
where we present the reconstructed WHA for the modular category associated with [/g(s[2), 
q a root of unity, in term of the familiar diagrams. 

2 Preliminaries 

2.1 Modular categories 

In this section, we summarize the definition and some basic properties of modular categories. 
For more details, we refer to the book [2]. 

Our notation is as follows. If C is a category, we write X E |C| for the objects X of C, 
Hom(X, y) for the collection of all morphisms f : X ^ Y and End(X) = Hom(X, X). By 
idx : X ^ X we denote the identity morphism of X and hy g o f : X ^ Z the composition 
of morphisms f:X^Y and g:Y^Z. If two objects X,Y G \C\ are isomorphic, we write 
X = Y . If two categories are equivalent, we write C ^T>. The identity functor on C is denoted 
by Ic, and C°p is the opposite category of C. The category of vector spaces over a field k is 
denoted by Vect^ and its full subcategory of finite-dimensional vector spaces by fdVect^. 

We assume that the reader is familiar with the notions of Ab-enriched, additive, abelian, 
monoidal, braided monoidal, autonomous and ribbon categories. For convenience, we have 
compiled the relevant definitions in Appendix lAl 

Definition 2.1. A modular category (C, (8), 1, a. A, p, (— )*, ev, coev, a, v) is an additive ribbon 
category (c.f. Definitions I A. 11] and lA. 18]) that satisfies the following conditions: 

(1) k = End(l) is a field. 

(2) There is a finite family {Vj}-^^ of objects Vj € |C| where / denotes some finite index 
set, that satisfies the following conditions: 

(a) Each Vj, j (z I, satisfies End(Vj) = k, i.e. it is simple. 

(b) There is an element € / such that Vq = 1. 

(c) For each j € /, there is some j* € / such that Vj* = (Vj)* . 

(d) For each object X G \C\, there is a finite sequence (jf , . . . G n-^ G No, 
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and morphisms i-f : V,x — > X and irf : X —>■ V-x for 1 < £ < n such that 

idx = J^zf ovrf. (2.1) 

£=1 

(3) The matrix {Sij)^ -^j (S-matrix) whose coefficients are 

Sij = tTv,»Vj{crVj,V, ° crv^,Vj) ^ k, (2.2) 

is invertible. 

Compared with the definition of Turaev [2], we have added in our Definition 12.11 the 
conditions that k = End(l) be a field and that C be additive rather than just Ab-enriched. 
The former is related to the fact that we reconstruct a WHA over k and we only deal with 
the case in which this is a field. The latter makes sure that C has all finite biproducts ('direct 
sums'). Otherwise, one could remove some of the objects of C that are biproducts of simple 
objects, without violating any condition of the definition. We disallow this because we want 
to compare C to the category of comodules of the reconstructed WHA which automatically 
has all finite biproducts. 

Note that in the definition of a modular category, one usually requires End(V^) = k 
for the simple objects although one does not impose any restriction on the field k such as 
algebraic closure. Many algebraic examples of modular categories, see, for example [16], 
have k = Q(e), a cyclotomic extension of the rationals, far from algebraically closed, and 
nevertheless End(Vj) = k for all simple objects. 

Proposition 2.2. Let C be a modular category, k = End(l), and {Vj}j^j be a family of 
objects as in Definition 12.1( 2). 

(1) C is /c-linear as a monoidal category (c.f. Definition I A. 18 j) [2, Section 1.1.5]. 

(2) For all objects A, y € \C\, the abelian group Hom(A, 1") is a finite-dimensional vector 
space over k [2, Lemma IL4.2.1]. 

(3) C is non-degenerate, i.e. its traces define non-degenerate bilinear forms (c.f. Defini- 
tion [A25]) [2, Lemma II.4.2.3]. 

(4) The morphisms if and 7rf of Definition I2.ir 2d) can be chosen in such a way that 

y y fidvx' if ^ = m, , ^ 

vrfo.^= f (2.3) 
I U, else 

for all i,ni I (Proposition IA.2"9]) . 

(5) If and j / i, then Hom(V,-, V^) = {0} [2, Lemma n.1.5]. 

(6) C is finitely semisimple according to Definition lA. 20( 3). 

(7) If A G \C\ is simple, then / dim(A) G k [2, Lemma II.4.2.4]. 

(8) If A € \C\ is simple, then there exists some j I such that X = Vj (Corollarv lA.23p . 

Most results of this article already hold without the non-degeneracy condition on the S- 
matrix (j2.2p . i.e. for finitely semisimple additive ribbon categories for which k = End(l) is a 
field. 
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2.2 Weeik Hopf algebrcis 

In this section, we summarize the definitions of a Weak Bialgebra (WBA) and of a Weak 
Hopf Algebra (WHA). For more details, we refer to [18-22]. 

Definition 2.3. A Weak Bialgebra {H, /x, r), A, e) over a field A; is a A;-vector space H with 
linear maps /i: H ® H ^ H [multiplication)^ rj: k ^ H (unit), A: H ^ H ® H (comultipli- 
cation), and e: H ^ k {counit) such that the following conditions hold: 

(1) [H, /i, 7]) is an associative unital algebra, i.e. /x o (/x (g) idij) = /x o (idij ^fi) and pLo {j] ® 
idn) = idn = M o (id// ®??)- 

(2) [H, A, e) is a coassociative counital coalgebra, i.e. (A id//) o A = (id// (8)A) o A and 
(e ^ id//) o A = kin = (id// (g)e) o A. 

(3) The following compatibility conditions hold: 

A o ^ = i_i)o (id// (S>aH,H ® id//) o (A ® A), (2.4) 

£ o /X o (/X (2) id//) = (e (?) £) o (^ (g) ^) o (id// (g)A (g) id//) 

= (eOe) o (^(g)^) o (id//®A°P «)id//), (2.5) 

(A (g id//) o A o ?7 = (id//(g);[i «g) id//) o (A ® A) o (?7 ® 77) 

= (id//(g)/x°P(g)id//)o(Ag)A)o(r/g)?7). (2.6) 

Here (Jv,w '■ V ® W ^ W v^w>-^wiSiv is the transposition of the tensor factors in 

Vectfc, and by A°p = aH,H ° A and = o aH,H, we denote the opposite comultiplication 
and opposite multiplication, respectively. We tacitly identify the vector spaces {ViSiW)®U = 
V (g {W g) U) and V iSi k = V = k ®V, exploiting the coherence theorem for the monoidal 
category Vectfe. 

We use the term comultiplication for the operation A in a coalgebra whereas coproduct 
always refers to a colimit in a category. 

Definition 2.4. A homomorphism ip: H ^ H' of WBAs {H,iJ,,r],A,e) and [H' , jj! , A' ,e') 
over the same field A; is a fe-linear map that is a homomorphism of unital algebras, i.e. (por] = r]' 
and if o n = jj,' o [if 1^ ip), as well as a homomorphism of counital coalgebras, i.e. e' o ip = e 
and A' o (p = ((p ig) (p) o A. 

Definition 2.5. Let [H, jjL,r], A,e) be a WBA. The linear maps et'. H ^ H {target counital 
map) and £5 : H ^ H (source counital map) are defined by 

et := (£ (g) id//) o (^ (g) id//) o (id// (g)fT//,//) o (A g) id//) o (?7 (g) id//), (2.7) 
£5 := (id// (g)£) o (id// (g//) o (d//^// (g) id//) o (id// (g)A) o (id// (g?7). (2.8) 

Both £( and Ss are idempotents. A WBA (H, fi, rj, A, e) is a bialgebra if and only if 
Aorj = ri®rj, \i and only if £ o = £ (g) £, if and only if £5 = 77 o £ and if and only if £j = 77 o £. 

Proposition 2.6. Let {H,n,r],A,e) be a WBA. 

(1) The subspace Ht := St{H) {target base algebra) forms a subalgebra with unit and a left 
coideal, i.e. 

A{Ht) CH^Hf (2.9) 
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(2) The subspace Hg := es{H) {source base algebra) forms a subalgebra with unit and a 
right coideal, i.e. 

A{Hs) QHs^H. (2.10) 

(3) The subalgebras Hg and Hg commute, i.e. xy = yx for all x & Ht and y E Hg. 

Definition 2.7. A Weak Hopf Algebra {H, ij,r], A,e, S) is a Weak Bialgebra {H, jj,!], A,e) 
with a linear map S: H ^ H (antipode) that satisfies the following conditions: 

fi o {idH (^S) o A = et, (2.11) 
fio{S0idH)oA = es, (2.12) 
II o {fi idn) o {S idH ^S) o {A idn) o A = S. (2.13) 

For convenience, we write 1 = r/(l) and omit parentheses in products, exploiting associa- 
tivity. We also use Sweedler's notation and write A(x) = x' ^ x" for the comultiplication 
of X G as an abbreviation of the expression A{x) = "^j^ak ^ with some a^^bk € H. 
Similarly, we write ((A ® idjy) o A)(x) = x' ® x" ® x'" , exploiting coassociativity. Then, for 
example, equation (j2.7p reads et{x) = e(l'x)l" for all x & H. 

The concepts of a WBA and of a WHA are formally self-dual, i.e. if is a [WBA, WHA] 
that is finite-dimensional as a vector space, then its dual space H* is a [WBA, WHA] as well. 

Definition 2.8. A homomorphism (p: H ^ H' WHAs is a homomorphism of WBAs for 
which (fi o S = S' o If. 

If i/ is a WHA, we denote by H°p its opposite WHA {H, fi^P,!], A,e, S'^), by H^°p its 
coopposite WHA (i7, /i, 77, A°p, e, S^^) and by i/°P'™P the WHA (iJ, ;U°p, r?, A°p, e, 5). The 
antipode of a WHA is an algebra antihomomorphism, i.e. S o fj, = o{S S) and S or] = rj, 
as well as a coalgebra antihomomorphism, i.e. {S S) o A = A°p o S and £ o S = e. 

Definition 2.9 (see [21,22]). Let (iJ, ^u, r/. A, e, 5) be a WHA. 

(1) The minimal Weak Hopf Algebra -ffmin of H is the smallest sub WHA of H that contains 
the unit r?(l) G H. 

(2) H is called regular if 5'2|H„,i„ = id/f,^;^. 
2.3 Coalgebras and comodules 

The following definitions and results can be found, for example, in [30]. 

Definition 2.10. Let (C, A, e) be a coalgebra over some field k. A right C-comodule (V, Pv) 
is a A;- vector space V with a /c-linear map Pv ■ V ^ V (Si C that satisfies 

(idy (g)e) o /3y = idy, (2.14) 
{/3v0idH)opv = (idy®A)o/3y. (2.15) 

Definition 2.11. Let (C, A, e) be a coalgebra and (F, /3y) and (W^, /J^y) be right C-comodules. 
A morphism of coalgebras / : V ^ W is a /c-linear map that satisfies 

(/ idc) o(3v = Pwof. (2.16) 
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We extend Sweedler's notation to comodules and write (3{v) = vy 'S' vc- The condi- 
tions (|2.14p and (j2.15p then read vv£{vc) = v and {vv)y ® {w)c' vc = vy (>S> {vcY (^c)"- 

Proposition 2.12. Let (C, A,e) be a coalgebra over some field k and A4'-'' be the category 
whose objects are the right C-comodules that are finite-dimensional as vector spaces over 
k, and whose morphisms are morphisms of right C-comodules. Then A^*^ is /c-linear and 
abelian, and Hom(y, M/^) is finite-dimensional for all V,W & \A4'^\. 

If y is a finite-dimensional right C-comodule with basis ivj)j, then there are elements 
Cij E C uniquely determined by the condition that Pvivj) = 'Ylii'^t ® ^tj- They are called 
the coefficients of V with respect to that basis. They span the coefficient coalgebra C{V) = 
span^jjQj}, a sub coalgebra of C. 

Let ly be a finite-dimensional vector space over k with dual space W* and a pair of dual 
bases and of W and W*, respectively. We abbreviate Cjk = ® & W* (8) W. 
The coalgebra (VF* (8) VF, A, e) with A(cjfc) = Cji®cik and e{cjk) = Sjk is called the matrix 
coalgebra associated with W . In this case, 14^ is a right W* ® VF-comodule, and W* ®W is 
its coefficient coalgebra. 

Definition 2.13. A coalgebra (C, A,e) over a field k is called cosimple if C has no sub 
coalgebras other than C and {0}. The coalgebra C is called cosemisimple if it is a coproduct in 
Vectfc of cosimple coalgebras. The coalgebra C is called split cosemisimple if it is cosemisimple 
and every cosimple sub coalgebra is a matrix coalgebra. 

We prefer the term cosemisimple rather than the more common semisimple because it 
indicates that this is a property of a coalgebra. In the following, semisimple WHA therefore 
means that the underlying algebra of the WHA is semisimple whereas cosemisimple WHA 
means that its underlying coalgebra has the property just defined above. 

Definition 2.14. Let (C, A,e) be a coalgebra over a field k. A right C-comodule {V,(3v) is 
called irreducible \iV ^ {0} and V has no sub comodules other than V and {0}. 

We here use the term irreducible as opposed to simple in order to distinguish it from the 
property that an object X of a A;-linear category satisfies End(X) = k. 

Lemma 2.15. Let (C, A,e) be a coalgebra over a field k. 

(1) Every irreducible right C-comodule is finite-dimensional as a vector space over k. 

(2) If V and W are irreducible right C-comodules and V ^ W, then IIom(y, W) = {0}. 

(3) If C is split cosemisimple and V an irreducible right C-comodule, then End(y) = k. 

(4) If C is cosemisimple and V a finite-dimensional right C-comodule, then 

n 

V = ^V, (2.17) 

i=l 

for some irreducible right C-comodules Vi and n G Nq. 
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2.4 Tannaka-Krein reconstruction 

In this section, we summarize the main results on Tannaka-Krein reconstruction of a coalgebra 
from a category C with a functor C Vect^, following [13]. 

Let C be a small category and u: C —>■ Vect^ be a functor taking values in fdVectfe. Then 
the coend 

xe\c\ 

coend(C,a;)= J lo{X)* 0uj{X) (2.18) 

exists. 

In the following, wc ignore all set theoretic issues and no longer mention the requirement 
that C be small. In fact, all examples relevant to topology and mathematical physics that we 
are aware of, can already be obtained with essentially small C, and whenever a coend appears, 
we can therefore replace C by an equivalent small category. 

By Nat(a;, a; (?) — ) : Vectjt Set we denote the functor that sends each vector space M to 
the set N at {uj,uj®M) of natural transformations uj ^ uj0M and each linear map ip: M ^ N 
to the map of sets (id^, ®^p) o — : Nat (a;, oo ® M) — > Nat (a;, oo ® N). 

Theorem 2.16. Let C be a category and uj: C ^ Vect^ be a functor taking values in 
fdVectfc. For a any vector space C, the following are equivalent: 

(1) C ^ coend (C,a;). 

(2) The functor Nat(a;,a; (8) — ) : Vectfe — Set is representable with representing object C. 

(3) There is a natural transformation 5'^ : oj =^ C such that for each vector space M and 
each natural transformation (p: uj ^ uj ® M, there is a unique linear map f : C ^ M 
such that the diagram 

UJ ^ w (g) C 

w (2>M 

of natural transformations between functors C Vect^ commutes. 

Proposition 2.17. Let C be a category and w: C — > Vect/j be a functor taking values 
in fdVectfe. The vector space C = coend(C,ti;) forms a coassociative counital coalgebra 
{C,A,e). The operations A: C — > C (X" C and e: C ^ k are determined from the universal 
property of the coend by commutativity of the following diagrams of natural transformations 
between functors C Vect^: 

UJ r^UJ (2> C 

idu.®A (2.20) 

(o; (g) C) ® C — ^ u; (g) (C «) C) 



5" (glide 
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and 

OJ a- UJ ®C 

id^(gie (2-21) 

Here, a and p denote the associator and the right unit constraint of Vect^. We always draw 
the diagonal in these diagrams in order to remind the reader of (I2.19p . 

Part (3) of Theorem 12.161 thus states that the coend C = coend(C, lv) is the universal 
coalgebra that coacts on all objects of C. The coaction of C on the vector space u:{X) asso- 
ciated with an object X € \C\ is given by (5J^ : oj{X) C. The following proposition 
describes coend(C, lv) as a vector space in terms of generators and relations. 

Proposition 2.18. Let C be a category and uj: C ^ Vect^ be a functor taking values in 
fdVectfc. The coend is the vector space, 

coend(C,w)^ ( ]J uj{X)* ®uj{X)\/N, (2.22) 
\xe|c| / 

where ]J denotes the coproduct in the category Vect^ and 
N = { (a;(/)*i9) ®v-d® {uj{f)v) \ i9 G uj{Y)*;v G uj{X)- f : X ^ Y; X,Y \C\}. (2.23) 




The coalgebra structure of the coend is a quotient modulo of a coproduct of matrix 
coalgebras. Let (w(^)*, ev^^^x) > coev^(x)) be a left-dual oi uj{X) in Vect^. Such a left-dual 
exists because ijj{X) is by assumption finite-dimensional. Then the structure of the coalgebra 
coend(C,u;) is given on the homogeneous elements of (I2.22p by 



^■.uj{XY®uj{X) {lo{X)* ®Lo{X))®{uj{X)* ®u;{X)) 

J 



{)®v ^ ^ ® ef^ «) ej'^) ® V, (2.24) 
j 

e: oj{X)* 0oj{X) k, 

'd(g)v ^ ev^(x)(T?«>w). (2.25) 

Here we have written coev^(x)(l) = Xlj ^\x)' '^'^^ universal coaction of coend(C, w) 

on ijj{X) is given by 

5'i^:uj{X)^uj{X)®{uj{X)*®uj{X)), v^^ef^ ®e\^^®v. (2.26) 

i 

Below, we make use of this reconstruction of the coalgebra coend(C,u;) in the context in 
which C is a modular category and u the long forgetful functor. 

In this section, we have used the fact that the category Vect^ is small cocomplete and 
that the tensor product preserves colimits in both arguments. 
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3 The long forgetful functor 

Let us now define the long forgetful functor by composing the canonical functor Q: C ^ 
rMr of [24] with the forgetful functor rMr — > Vect^ and show that this functor satis- 
fies Szlachanyi's conditions [25], i.e. that the functor is equipped with a separable Frobe- 
nius structure. Before we can show this, we need to establish some facts about modu- 
lar categories and their non-degenerate traces. In this section, unless specified otherwise, 
(C, (S>, 1, a, A, p, (— )*, ev, coev, a, is a finitely semisimple additive ribbon category for which 
k = End(l) is a field. {Vj}j^j denotes a family of objects as in Definition IA.20r 3). 

3.1 Traces and convenient bases 

The traces of the ribbon category C can be used in order to relate Hom(X, Y)* with Hom(y, X), 
X, y G |C|. For the reconstruction, it turns out to be convenient if one 'rescales' the traces 
by the following isomorphisms. 

Proposition 3.1. There is a natural equivalence Z?: Ic Ic of the identity functor, given 

by 

Dx-.X^X, Dx ■.= ^tf oTT^idimVjx)-^ (3.1) 

e=i 

for all objects X G |C|. Here jf, if and irf are as in Definition 12 . 1 I f 2d) or Definition lA.20l f3c). 

Corollary 3.2. For any two objects X, y € |C|, the map 

^x,Y ■■ Hom(y, X) ® Hom(X, Y) ^ k, f ® g ^ trx{Dx o f o g). (3.2) 

is a non-degenerate symmetric and associative /c-bilinear form, i.e. it is a non-degenerate 
A:-bilinear form and satisfies 

(1) Symmetry: ifxxif ^ o) = VY,x{g ^ f) for all morphisms / : y — > X and g: X ^ Y of 
C, and 

(2) Associativity: (px,z{f ® {g ° h)) = ^fxyiif o g) ® h) for aW f : Z ^ X , g: Y ^ Z and 
h:X^Y. 

Proof. This follows from the cyclic property of the trace, from non-degeneracy of C (Defini- 
tion |X?25]) and from the fact that Dx is invertible for all X G □ 

It is then possible to write down a pair of dual bases of IIom(X, Y) and Hom(y, X) with 
respect to ^fxy- 

Proposition 3.3. Let X,y € |C|. Then 

{ea,p = iloT:^: X ^Y \ 1 < a < ,1 < P < , £ = }, (3.3) 
{e^^ = zf o7r^:X^y I I < ^ < r?' ,1 < 5 < n"" , = } (3.4) 

form a pair of dual basis of Hom(X, y) and Hom(y, X) with respect to fx,Y, i-e. 

V'xxi^'^^ ^ ^ap) = Sa-r^ps- (3.5) 
Here we have used Definition 12. If 2d) (Definition IA.20l f3c)) for both X and Y. 
Proof. Use Proposition 12.2( 4) for both X and Y. □ 
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3.2 The long forgetful functor 

Definition 3.4. The universal object of C is defined as 

y:=0F, (3.6) 

Note that the universal object is determined up to isomorphism by the category C and 
that it is determined fully as soon as a family {Vj}j^j and a total order of I have been fixed. 
We assume from now on that such a choice has been made. 

Proposition 3.5. (1) The /c-vector space R = End(y) forms a commutative separable 
A;-algebra with respect to composition. 

(2) A basis {^j)jizi of orthogonal idempotents for R is given by Xj{v) = ii v G Vi, i ^ j , 
and Xj{v) = v v G Vj. 

(3) Every morphism /: V ^ V is of the form / = ^jg/ fjXj with some fj G k. 

Proof. Definition [2Tl2a) and Proposition [2214). □ 

The following definition is the canonical functor Q: C ^ R-M.R of [24] composed with the 
forgetful functor rM.r Vect^. 

Definition 3.6. The long forgetful functor is the functor 

a;:C^Vectfc, X ^ Rom{V,V X), (3.7) 
/ ^ {idy(g)f)o-. 

Note that the long forgetful functor is fc-linear and takes values in fdVect^. 

Proposition 3.7. Let lo: C ^ Vect^, be the long forgetful functor. Then uj{X), X G \C\, has 
a left-dual (w(X)*, eV;^(x), coeVj^(x)) where uj{X)* = }iom{V X,V), 

eY^(^x)- ^{Xy (^uj{X) ^ k, -d^v ^tiyiDyOi&ov), (3.8) 
coev^(x) : k uj{X) O io{X)*, 1 ^ ^ ef^ c\xy (3.9) 

3 

Here, {c^^^^} . and denote a pair of dual bases of ij^{X^ = ILom(V, Vi^X) and uj{X)* = 

Hom(y V) with respect to ip^ v®X' Given any morphism / : X — > y of C, the morphism 
dual to io{f) = (idy (g)/) o — is given by 

a;(/)* = -o(id^0/). (3.10) 

Proof. Corollarv 13.21 and Proposition [3^ implv the triangle identities. □ 

Proposition 3.8. The long forgetful functor iv: C ^ Vect^ is faithful. 

Proof. Let X, y € \C\ and f,g: X he arbitrary morphisms of C. We have to show that 

^if) = ^{g) implies f = g. 

Choose some arbitrary ^ € /, g: — > X and p: Y ^ Vn. For every £ £ I, denote by 

--Vi^V and vrj^^ : V ^ Ve the morphisms of Definition ^Jl2d) (Definition |A2Q^3c)) 
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associated with ioi X = V . Then define v := (zq^^ ® q) o o vr^^^ : V ^ V (^5 X and 
?7 := i"^'^ o Xy^ o (ttq^'' (X) p) : F (X) y — > F. We compute that 

= 77 o {cjif) - u;{g)){v) = 7] o (id^ ®(/ -g))ov (3.11) 

and 

O = tiy{r]o{idy®{f-g))ov)=tvv,{po{f-g)oq). (3.12) 

This holds for any i G I and any p and g. If we insert ah q = im and p = iTn with 
jm = in = ^5 we conclude that = f — g. □ 

Remark 3.9. Our definition of a modular category does not assume the existence of all finite 
limits (preabelian category) nor that all monomorphisms and all epimorphisms are normal 
(abelian category). In Corollary 16.71 below, we nevertheless see that all finitely semisimple 
additive ribbon categories with k = End(l) a field and therefore all modular categories are 
in fact abelian and that the long forgetful functor is exact. 

The remainder of the present subsection can be skipped on first reading. The results are, 
however, needed in several proofs below. 

Lemma 3.10. Let X € \C\. Then there are natural isomorphisms 

^x-.i^iX) ^ u;{X*r, 

V 1-^ L>^^ o o (id^ (g)evx) o Oy o (w (g) idx*) ° (^t/ ® idx*)) (3.13) 

^x-.i^iXr ^ u;{X*), 

■& t-^ (-i? (g) idx*) o ^. ° (idf> Ocoevx) o o"/. (3.14) 

Their composites are given by 

V ^ {D^^ ^Tx)ovoDy, (3.15) 



Qx :=<^x* o'i'x- u;{X)* uj{X 



^ ^ D^^ odo{Dy®Tx^). (3.16) 



Here tx'- X ^ X** denotes the isomorphism of (jA.24p . 

Proof. Naturality follows from the properties of dual morphisms. The morphisms ^x and 
^ X are invertible because Dy is and because of the triangle identities ()A.12p to ()A.15p . In 
order to determine their composites, one needs ()A.24p . ()A.25p and (|A.26p . □ 

Proposition 3.11. Let X S |C|, and let {e^- }. and {c'^j^)}. form a pair of dual bases of 



uj{X) and uj{X)* with respect to ^p^ vr^x' Then 

J 

and 



14 



Tannaka-Krein reconstruction and modular tensor categories 



Proof. Show (j3.17p first for the pah' of dual bases of Proposition 13.31 with V instead of X and 
V ^ X instead of Y. Then the claim follows for any other pair of dual bases. In order to 
verify (j3.18p . show that (^'(e|^p) . and {^{cj ))^ form a pair of dual bases of uj{X*) and 

uj{X*)* , respectively. Then the claim follows from (j3.17p . □ 

Proposition 3.12. Let X,Y ^ \C\, and let {e^j^^}^ and as well as {ef^^}^ and {c^y^}^ 

be pairs of dual bases of uj{X) and uj{X)* as well as of uj{Y) and uj(Y)* , respectively. Define 

e(.f®^) := ay^^^yo{ef^ (^idY)oeP eu;{X(S)Y), (3.19) 
ix^Y) ■■= eJy)o(eJ^)C5idy)oali^^^Ga;(X0y)*. (3.20) 

Then {uj{X (g) Y)* ,ev^(^x^Y)^coev^(^x^Y)) is a left-dual of a;(X (g) Y) with 



ev^(^x»Y)-^iX(^Y)*®uj{X®Y)^k, i9 ® v ^ ip^^y^^^^y^{i^ ^ v), (3.21) 
ev^(x^y): fe^u;(X0y)®u;(X^y)*, 1 ^ ^ gjf ^'^^ ® ejj^^). (3.22) 



Proof. The triangle identities for eyu){x^Y) and coev^(^x^Y) follow from the triangle iden- 
tities for ev^(^x) aiid coeVj^(x) as well as for eV(^(y) and coev^(y), c.f. Proposition 13.71 and 

from (j3.17p . Note that the e^jf^'^^ are in general linearly dependent. The sum in (j3.22p 
nevertheless yields a perfectly acceptable coevaluation map. □ 



3.3 Functors with separable Probenius structure 

We can now show that the long forgetful functor uj: C ^ Vect^ satisfies the following condi- 
tions due to Szlachanyi [25]. 

Definition 3.13. Let V and "D' be monoidal categories. A functor with separable Frobenius 
structure (F, Fx,y, Fo,F^'^, F°):V ^ V is a functor F: V ^ D' which is lax monoidal as 
{F, Fxy, Fq) and oplax monoidal as {F, F-^'^ ,F^) {c.f. Definition lA.2p and which satisfies the 
following compatibility conditions. 

Fx,y oF^'^ =id^(x®y), (3.23) 



F{X Y) ®' FZ ■ 



FctV V "7 

F{{X ®Y)®Z) ^ F{X (y (g) Z)) 



pX,Y0Z 



{FX (g' FY) (g)' FZ ^ FX (g)' {FY 0' FZ) ^ FX 0' F{Y ® Z) 



^FX.FY.FZ 



(3.24) 
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FX O' F{Y (g) Z) 



Fx: 



F{X ®{Y® Z)) 



F{{X (^Y)® Z) 



pX(g,Y,Z 



FX ®' {FY 0' FZ) 



for all X,Y,Z e \V\ 



FX,FY,FZ 



{FX (»' FY) ®' FZ 



Fx,Y'S'idf 



F{X Y) 0' FZ, 



(3.25) 



The reason for choosing the term Frobenius structure becomes obvious if one visualizes 
the compatibility conditions by the following diagrams. For more details on these diagrams, 
we refer to [31-33]. 



X(S)Y 



X Y®Z X Y<S)Z 



Xi^Y Z X^Y Z 




(3.26) 



X^Y X(S)Y X(giY Z X(^Y Z X Y(g)Z X Y®Z 

Theorem 3.14. The long forgetful functor lo: C ^ Vect^ has a separable Frobenius structure 



with 



LOQ-.k^ a;(l), 1 1-^ 



and 



.xy 



: ijj{X®Y) ^w(X)®a;(y), /i ^ ^ ev<^(x®y) (ej^^^ ^ ® /i) 

using the (?(x®Y) Proposition 13.121 
Proof. We need to verify the following. 

(1) UJ is indeed a functor. 

(2) u>x,Y and u>^'^ are natural transformations. 

(3) {uJ,uJx.Y ,^^o) is lax monoidal. The hexagon axiom for the lax monoidal functor follows 
from the pentagon axiom in C, and the two squares follow from the triangle axiom. 

(4) {uj,uj^'^ ,oj^) is oplax monoidal. Again, the hexagon axiom follows from the pentagon, 
and the two squares from the triangle. 

(5) In order to show the compatibility conditions (13.241) and (|3.25p . we verify for each 
h £ u;{X (g) Y) and w G uj{Z) that 

^x,Y(^z Q u;{ax,Y,z) o LOx®Y,z{h O w) 

= (ida;(x) ®^Y,z) o a^{x),u{y)MZ) ° i^^'^ ® ^d^{Z)){h «) w), (3.31) 



(3.27) 
(3.28) 

(3.29) 
(3.30) 
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which fohows from the definitions, using the left-duals of Proposition 13.71 the basis of 
Proposition l3.12l and the pentagon axiom of C. Similarly, for v € ^^iX) and / G lo{Y^Z), 
we verify that 

= {uJx,Y (8) id^(^)) o ajpf)^^(y)^^(^) o (id<^(x) (S)uj^'^){v (g) /). (3.32) 
The condition ()3.23p follows from Proposition 13.121 

□ 

Remark 3.15. Under the conditions of Theorem 13. 14^ 

uj°ou;o = \I\, (3.33) 

where |/| is the number of (isomorphism classes of) simple objects as in Definition 12. ir 2) or 
Definition |A^3). 

If the characteristic of k divides |/|, then this is zero. Otherwise, ujq is a split monomor- 
phism with left-inverse tij'^/|/|. Recall that because of (|3.23p . the u)x,y are split epimorphisms 
with right-inverse ui^'^ . If the characteristic of k does not divide |/|, one may call the Probe- 
nius structure special, c.f. [34, Definition 2.3]. It is interesting to note that the question of 
whether the right hand side of (|3.33p is zero or not, does not play any role in the following. 

4 Tannaka-Krein reconstruction 

In this section, unless specified otherwise, C denotes a finitely semisimple additive ribbon 
category for which k = End(l) is a field. 

4.1 Coalgebra structure 

If uj: C Vectfc is the long forgetful functor, then the coend H = coend(C, u) has the 
structure of a coassociative counital coalgebra {H,A,e) as in Section \2M 

For the homogeneous elements of the coend ()2.22p . we write € ^uj{X) with 

G ujiX)* and v € u;(X), i.e. i!}: V ® X ^ V and v. V ^ V (g) X, using the left-duals of 
Proposition 13.71 The relations in the quotient (j2.22p then read, 

[C o (id^ 0/)!^;]^ = [C|(id^ ®/) o v]y, (4.1) 

where v: V —>■ V ^ X , f : X ^ Y and (: V ^ V. The coalgebra operations of H can be 
written as 

eiWMx) = ev^(x)(i?^5f), (4.3) 
and the universal coaction as 

^x{v) = Y.^f^Hx)\^^x ^^-^^ 
j 

ioT all v: V ^ V (E) X and i9: V (E) X V, X £ \C\. 
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4.2 Semisimplicity 

With the exphcit description of the coend of Section \2A\ we can show that the coend H = 
coend(C,cj) is a finite-dimensional spUt cosemisimple coalgebra. 

Proposition 4.1. Let P be an Ab-enriched ribbon category, k = End(l) and to: D ^ Vect^ 
be a fc-linear functor taking values in fdVect^. 

(1) If D is semisimple with a family {^ jj, j £ I, of simple objects as in Definition IA.20r 3). 
then 

coend{V,uj) ^ Yluj{Vj)* ^ Lj{Vj). (4.5) 

With the operations ()4.2p and ()4.3p . the coend therefore forms a split cosemisimple 
coalgebra. 

(2) If V is finitely semisimple, then the coend is finite-dimensional, i.e. 

coend(P,w) ^ ^uj{Vj)* ®uj{Vj), (4.6) 

where the coproduct has turned into a finite biproduct. 
Proof. We show that the composition of the inclusion 

^uj{Vj)* ®oj{Vj) ^ ]J uj{X)* uj{X) (4.7) 
with the canonical projection 




is a bijection. In order to see that it is surjective, we use Definition I2.ir 2d) or Defini- 
tion IAJQUSc) , and in order to see that it is injective. Proposition 12.2( 5) . □ 

4.3 Algebra structure 

In this section, we use the monoidal structure of C in order to equip the coend with the 
structure of an associative unital algebra. In the remainder of Section HI all commutative 
diagrams are in Vect^. We write k for the monoidal unit object of Vect^. 

In order to reconstruct an algebra structure on H = coend(C, cj) from the monoidal 
structure of C, we consider the category C with the functor a; ® w: C ^ Vect^, X i— uj{X) (g) 
Lo{X), f I— > uj{f) (8> "^(Z)- The corresponding coend and the universal coaction are given as 
follows. 

Proposition 4.2 (see, for example [13]). Let D be a monoidal category, ui: V ^ Vect^ be 
a functor taking values in fdVect^ and H = coend(P, cj). 

(1) The coend of uj ^ uj : V x V ^ Vect^ is the tensor product coalgebra, 

H (g)H = coend(P x D, w (g) w) , (4.9) 
with the operations Ah^h = (id// ®(Th,h ^ id//) o (A// (g) A//) and eh^h = £// <8> £//■ 
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(2) The corresponding universal coaction is given by d'i^y '■ i^{X)'S)uj{Y) —^ {uj{X)®lo{Y))'S) 
(H (g) H) where 

^tv = (id-(^) ^^HMY) ® ^^h) o {6^ ^ 6^). (4.10) 
In addition, let 1 denote the monoidal category whose only morphism is the identity of the 
monoidal unit. Then 1 with the functor u;®^ : 1 — > Vect^,, * i— > fc, id* i— > id^, has the trivial 

k k, 



®0\ 



(30 



k, and the universal coaction 5'^ : k 



coalgebra as the coend, coend(l,u; 

Theorem 4.3. Let a; : C — s- Vect^ be the long forgetful functor. Then the coend H = 
coend(C,u;) is equipped with the structure {H,fj,,r]) of an associative unital algebra. Its 
operations are determined from the universal property of the coend by commutativity of 



uj{X)(0uj{Y) 
uj{X®Y) 



uj{X®Y)(0H- 



{u:{X) ® u:{Y)) (0 {H ® H) 



{uo{X) ® uj{Y)) H 



(4.11) 



and of 




(4.12) 



a;(l) ® H 



In order to prove the theorem, it is convenient to compute the operations // and r/ in a 
basis oi H = coend(C, lv) that is adapted to the matrix coalgebra structure (14. 6p as follows. 

Lemma 4.4. Under the conditions of Theorem 14.31 the operations are given by 

t^{\&\v]x®[Q\w]Y) = [C°(^9®idy)oa^^^^^|a^_^^y o(z;0idy)ou']^_^^, (4.13) 



(4.14) 



^(1) = [Pv\Py\ 

for ^ G uj{X)\ C e io{Y)*, V G uj{X) and w G uj{Y). 

Proof. In order to show that the operations (I4.13|) and ()4.14p make the diagrams (I4.1ip 
and (j4.12p commute, one needs the definitions and Proposition 13.12] □ 



Proof of Theorem \4-3[ We use the operations jj, and rj as given in Lemma 14.41 In order to 
show that n is well defined on the quotient modulo A'' of (j2.22p , one needs the relations (j4.ip . 
For associativity of ^u, one needs the pentagon axiom for the associator of C, and for the unit 
laws the triangle axiom. □ 

In this section, we have not only used that Vect^ is small cocomplete and that (8> preserves 
colimits in both arguments, but also that Vect^ has a symmetric braiding. 
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4.4 Weak Hopf Algebra structure 

In this section, we show that the algebra and coalgebra structure of the coend satisfy the 
compatibihty conditions of a WBA, and we use the left-duals in C in order to construct an 
antipode that turns it into a WHA. 

Theorem 4.5. Let w: C — > Vect^ be the long forgetful functor. Then the coend H = 
coend(C,cj) has the structure of a WBA (H, fj,,rj, A,e). 

Proof. In order to verify the conditions of Definition 12.31 we express the operations of H in 
the form KW . (gUl), ([32]) and (g^D- In order to verify ([23]), we use Proposition EH 
For (|2.5|) and (|2.6|) . we need the triangle equations for the evaluation and coevaluation maps 
of Proposition 13 . 71 as well as the associativity property of Corollary 13.21 for the traces involved. 

□ 

In order to reconstruct an antipode from duality in C, we consider the opposite category 
C°P with the functor w* : C°P Vect^, X uj{X)* , f i— > uj{f)*. The corresponding coend 
and the universal coaction on the duals are characterized by the following result. 

Proposition 4.6 (see, for example [13]). Let V he a left-autonomous monoidal category, 
uj: V ^ Vectfc be a functor taking values in fdVect^ and H = coend(2?, w). 

(1) The coend of lo* : 2?°p Vect^ is the coopposite coalgebra, 

/7=°P ^ coend (P°P,a;*). (4.15) 

(2) The corresponding universal coaction is given by 6^ '■ ^i^)* ^{-^T ® where 

= (^HMxy ° i^H ® id^{x)*) ° ((ev^(x) ® id/f) id^(x)*) 

°(%X)*,a;(X),H ida;{X)*) ° ((ida;{X)* ® ida;{X)*) 

°'^u(xrMX)Mxr ° (^^-w* ® ° PZlxy (4-16) 

Theorem 4.7. Let w: C — s- Vect^ be the long forgetful functor. Then the coend H = 
coend(C,a;) has the structure of a WHA (H, fj,,r], A,e, S). Here the antipode S: H ^ H is 
determined from the universal property of the coend by commutativity of 



u;{X)* ^ u;{X)* ® H 




(4.17) 



with as in Lemma 13.101 

Again, we first express the antipode in our preferred basis. 
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Lemma 4.8. Under the conditions of Theorem 14.71 the antipode is given by 

Smv]^) = [<!>x{v)\^xmx* (4.18) 
with <I> and ^ as defined in Lemma 13.101 

Proof. We verify in a direct computation that the hnear map S of (j4.18p makes the dia- 
gram (j4.17p commute. The top right of that diagram can be computed from the definitions 
using the left-duals of Proposition 13.71 whereas the bottom left can be obtained from the 
explicit expression for ^ in Lemma l3.10i □ 

Proof of Theorem \4-T\ Using the expression (j4.18p , we can employ the relations (j4.ip to show 
that S is well defined on the quotient (|2.22p . Before we verify (j2.1ip and (|2.12p . we first 
compute et and Eg, 



et 



]^) = [^x{v)o^xmopy\p-^^]^, (4.19) 
\x) = (4.20) 



for all i9 e ^{Xy and v G oj{X). In order to verify (pTT]) . one needs (fSTT]) . and for (pT2]) . 
one needs the triangle and pentagon axioms in C as well as (|3.18p . Finally, (|2.13p can be 
obtained from (|2T2]) and ([STTp . □ 

Proposition 4.9. Let uj: C ^ Vect^ be the long forgetful functor and H = coend(C,cj) the 
reconstructed WHA. Then 

S^mv]x) = o^o{D^0 idx)\{D^' idx) o V o D^]^, (4.21) 
for all V G uj{X) and i} G i^{X)*, X G \C\. 
Proof. Using Lemma 14.81 and Lemma I3.10|, we get 

S\mx) = [ex{mx{v)]x^^ (4.22) 
which implies the claim upon using the relations (j4.ip . □ 
Remark 4.10. In the reconstructed WHA, we have 

e Of] = Lo'^ ouq = \I\ e k, (4.23) 

c.f. Remark 13.151 

4.5 Coribbon structure 

In this section, we define the notion of a coribbon WHA and show that the WHA reconstructed 
from C has this structure. 

Definition 4.11. Let {H, p, rj, A, e, S) be a WHA. A linear form f : H ^ k is called 

(1) convolution invertible if there exists some linear f : H ^ k such that f{x')f{x") = 
e{x) = J{x')f{x") for ah x e H, 

(2) dual central if f{x')x" = x'f{x") for all x £ H, 
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(3) dual group-like if it is convolution invertible and 

fixy) = e{x'y')f{x")f{y") = f{x')f{y')e{x"y") (4.24) 

for all x,y H. 

Note that / in (1) is uniquely determined by /. Every dual group-like linear form also 
satisfies f{£t{x)) = = f{£s{x)) and f{S{x)) = f{x) for all x e H. 

Definition 4.12. A coquasitriangular WHA (H, fi,rj, A,e, S,r) over a field k is a WHA 
{H, n, r], A, e, S) over k with a linear form r : H H ^ k {universal r-form) that satisfies the 
following conditions: 

(1) For ah x,y e H, 

r{x O y) = £{x'y')r{x" ® y") = r{x' ® y')£{y"x") (4.25) 

(2) There exists some linear r : H ^ H ^ k such that 

r{x' (g) y')r{x" (g) y") = e{yx) (4.26) 

r(x' (g) y')r{x" g) y") = e{xy) (4.27) 

(3) For all x,y, z & H, 

xy'r{x"®y") = r{x®y')y"x" (4.28) 

r{{xy) ® z) = r{y ® z')r{x ® z") (4.29) 

r{x (g) {yz)) = r{x' (g y)r{x" (g z) (4.30) 

The WHA H is called cotriangular if in addition 

r(x' (g y')r{y" ® x") = e{xy) (4.31) 

for all x,y ^ H. 

Note that r in (2) is uniquely determined by r if one imposes (I4.25[) . (I4.26P and (|4.27p . 
Condition (j4.25p says that r is well defined on the tensor product H(^H and on its opposite if 
H is viewed as the right-regular i?-comodule. The conditions (j4.26p and (j4.27p express weak 
convolution invertibility , (j4.28p almost commutativity and (j4.29p and (|4.3Up compatibility 
with the tensor product. 

Theorem 4.13. Let uj: C —>■ Vect^ be the long forgetful functor. Then H = coend(C,u;) 
is a coquasitriangular WHA (H, fi,ri, A,e, S,r) whose universal r-form r: H ® H k is 
determined from the universal property of the coend by commutativity of 



uj{X) (g uj{Y) — ^ (u;(X) ^ uj{Y)) {H (S) H) 




(4.32) 



io{X g) Y) 3^ ij{X) ® u;{Y) — ^ (u;(X) g) uj{Y)) g) k 
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for all X, y G \C\. Here, cry,x denotes the braiding of C, o'^{x),(^(y) the braiding of Vect^ and 
Poj{x)i^uj{Y) the right unit constraint of Vect^. Its weak convolution inverse r:H<5^H^k\s 
determined by commutativity of 




(4.33) 



u,{Y) ® u{X}---^MX) ^ coiY) — ^ {lo{X) ® Lo{Y)) ® k 



for all X,Y £ \C\. 

Lemma 4.14. Under the conditions of Theorem I4.13t the universal r-form and its weak 
convolution inverse are given by 

rmv]x ® [CHy) (4.34) 
= ev^(X®Y) ((C o (i? ® idy) o a^^^ ^) ((id^ (^crY,x) o av>,y,x o {w idx) o v)) , 

rmv]x^[CHY) ' ' (4.35) 

= ev^(x®Y) o (C ® idx) o "^Vx ° ^^'^v ^^Y^x)) ® ("t7,x,y ° ^ ^^y) ° ^)) • 

Proof. We have to show that (|4.34p and (j4.35p make the diagrams (j4.32p and (j4.33p commute. 
In order to prove this, one needs the definitions of the morphisms that appear in these 
diagrams as well as Proposition 13.121 □ 



Proof of Theorem \4.13 . We verify in a direct computation that r and r of ()4.34p and (j4.35p 
satisfy the conditions of Definition [4121 In order to show (14251) . (f426]) . (|427l) and (|428]) . one 
needs Proposition 13.121 and the relations (j4.ip . In order to show ()4.29p and (j4.30p . one needs 
in addition the pentagon axiom of the associator of C, the hexagon axioms for the braiding 
of C, and the cyclic property of the trace involved in ev^(_-). □ 



Definition 4.15. Let (H, fi,rj, A,£, S,r) be a coquasitriangular WHA. Then we define 

(1) the linear form 

q: H (g) H ^ k, x®y^ r{x' (g) y')r{y" x"), (4.36) 

(2) the linear forms {dual Drinfel'd elements) 

u: H ^k, r{S(x") O x'), (4.37) 

v: H ^k, x^ r{S{x') (g) x"). (4.38) 
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Proposition 4.16. Under the assumptions of Theorem 14.131 the hnear form q: H ^ H ^ k 
is the unique hnear map making the diagram 



uj{X) (g) uj{Y) 
uj{X Y) 

Qx,Y 

cviX ® Y) 



°X,Y 



■a;(X)®u;(y) 



{uj{X)®uj{Y))(^{H(^H) 



{uj{X)(^u(Y))(S)k 



(4.39) 



Pui(X)0ui(Y) 

commute. Here Qx,y = crY,x o crx,Y : X (^Y ^ X (^Y , X,Y £ \C\. 
Proof. From (I4.34p . one can calculate using Proposition 13.121 that 

qHMx ® iCHy) (4.40) 
= ev^(xcg)y) ((C o (i9 «) idy ) o aZ^^ ^) ((idp ®Qx,y) ° "t/,x,y ° i^'^) ° '^)) • 

Then commutativity of (|4.39p can be verified in a direct computation. □ 

Definition 4.17. A corihbon WHA {H, /i, rj, A, e, 5, r, i/) over a field A: is a coquasitriangular 
WHA {H, /i, rj, A, e, S, r) over k with a convolution invertible and dual central linear form 
u: H ^ k (universal ribbon twist) that satisfies the following conditions: 

z.(xy) = iy{x')i^{y')r{x" (g)y")r{y"' (^x'"), (4.41) 

u{S{x)) = iy{x), (4.42) 

for all x,y £ H. 

Theorem 4.18. Let u>: C Vect^ be the long forgetful functor. Then H = coend(C,a;) 

is a coribbon WHA (H, fi,7], A, e, S,r, i^) where v: H ^ k\s determined from the universal 
property of the coend by commutativity of 

5- 



u:{X) 



■u{X)^H 



uj{ux) 



(4.43) 



u;(X) 



oj{X) ®k 



Pu^iX) 

and its convolution inverse z7 : H k hy commutativity of 



uj{X) 



■uj{X)®H 



(4.44) 



uj{X) ^ uj{X) ® k 

Pu.(X) 
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for all X £\C\. 

Lemma 4.19. Under the conditions of Theorem I4.18[ the universal ribbon twist and its 
convolution inverse 17 are given by 

I'iWMx) = ev^(x)(i?«) ((id^Oi^x) o^^)), (4.45) 

H^x) = ev^x)(^?^((id^®i^x')°^))' (4-46) 
for all V G lj{X), ^ G uj{Xy, X G \C\. 

Proof. We have to show that the expressions (j4.45p and (j4.46p make the diagrams (j4.43p 

and (|4.44p commute. This follows immediately from the definitions. □ 



Proof of Theorem \4.18 We verify in a direct computation that (j4.45p and (j4.46p satisfy the 



conditions of Definition 14.171 In order to see that and V are convolution inverse to each 
other, one just needs the dual bases of Proposition [321 Showing that is dual central requires 
in addition the relations (j4.ip . Verification of ()4.41|) requires all these and Proposition 13.121 
as well as the condition ()A.22p . Finally, in order to verify (j4.42p . we use (|4.18p . the left 
autonomous structure of C, the condition ()A.23p as well as the cyclic property of the trace 
involved in ev^(_'). □ 

4.6 Special properties of the coend 

Proposition 4.20. Let uj: C ^ Vecty^. be the long forgetful functor and H = coend(C,u;) 
be the reconstructed WHA. Then 

Ht = I ^.1^(8)1^9}, (4.47) 

Hs = {[PvM, I v:V^V(E)l}, (4.48) 



and 



HtnHs = k. (4.49) 

Proof. Let us show ()4.47p . For each i} G uj{X)* and v G u:{X), X G \C\, we have et([i?|v]x) = 
l^xiv) o ^xi^^) ° PylP^^]-^' is included in the set given. Conversely, for each -d G u;(l)*, 

et([??|p^"'^]^) = [^i{p^^) o o p^\pZ^]^ = [i}\p^^]_^, using the triangle axiom of C, and so 

the given set in contained in Ht- Let us show (j4.48p . For each i9 G uj{X)* and v G uj{X), 
X G |C|, we have es([t?|f]j^) = [p^lp^"^ o rj o v]^, i.e. Hg is included in the set given. Conversely, 
for each v G a;(l), indeed es([py|f]j^) = i.e. the given set in contained in Hg. Finally, 

(109]) follows from ([OTI) and (OSl) . □ 

There is one more condition that is satisfied by every WHA H = coend (C,tj) for a 
modular category C and the long forgetful functor w. This condition is the invertibility of 
the S'-matrix. Since this condition is preserved by equivalences of semisimple /c-linear ribbon 
categories, we take care of this in Section [6] where we show that C is equivalent to the category 
of finite-dimensional right -ff-comodules. 

Most proofs in this section were done by (1) defining the structure maps in terms of a 
universal property; (2) expressing these maps in terms of a convenient basis; (3) verifying 
their properties using this basis. Alternatively, it would have been possible to establish their 
properties directly from their defining commutative diagrams. Li order to write down or even 
sketch these proofs, however, one needs extra large paper, and so we have reverted to the first 
method involving a basis. 
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5 Corepresentation theory 

In this section, we consider the category Ai^ of finite-dimensional right ff-comodules of some 
WBA H and show that it has the structure of a monoidal category. If is a WHA, then 
each object has a specified left-dual, i.e. M.^ is left-autonomous. If H is coquasitriangular, 
then Jv[^ is braided, and if H is coribbon, then AA^ is ribbon. 

For easier reference, we have collected all definitions relevant to monoidal categories in 
Appendix lA.H to left-autonomous categories in Appendix I A. 2 1 to ribbon categories in Ap- 
pendix [A31 and to additive and abelian categories in Appendix I A. 4[ 



5.1 Preparation 

The proofs of the propositions in the section on corepresentations are all elementary although 
some of them are rather laborious. They rely on the following facts about WBAs, WHAs, 
and coquasitriangular or ribbon WHAs that we collect this subsection. Some of them are 
quite challenging to verify. 

Lemma 5.1. Let {H, fj,,ri, A,e) be a WBA. Then 

= I'^l", (5.1) 

es{xy) = es{es{x)y), (5.2) 

h'(^h" = es{h')(^h", (5.3) 

xet{y) = e{x'y)x", (5.4) 

es{x)y = y'e{xy"), (5.5) 

l'(^{l"h) = h'(g)h", (5.6) 

x'esix") = X, (5.7) 

x'eix'h) = xh, (5.8) 

ies{x"))'^{x'{esix"))") = esix')(^x", (5.9) 

eixy')£siy") = Ssixy), (5.10) 

{my(^{£h)" = n'^hl", (5.11) 

{ehy(S){£h)" = I'ec^v'h, (5.12) 

for all x,y e H and h e Hg, i £ Ht. If {H, fi, i], A, e, S) is a WHA, then 

es{x")^{S{x')x"') = (e,(x))'^(e,(x))", (5.13) 

e{hy")y'Siy'") = het{y), (5.14) 

for all x,y £ H and h € Hg. 

Lemma 5.2. Let H he a WBA and y be a right //-comodule. Then 

e{h{vv)H){vv)v ^ £s{Vh) = e(hvH){vv)y ® esiivv)^) (5-15) 
for all h £ Hs and v £ V. 

Proof. From the comodule axioms, (15.10p and (15.5(1 . □ 
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Lemma 5.3. Let (H, fj,,7], A,e, S,r) be a coquasitriangular WHA. Then 

r(x' y')et{y")es{x") = et{x')es{y')r{x" ® y") (5.16) 

for all x,y & H. 

Proof. From the axioms, (j5.1ip and (j5.12p . □ 

Lemma 5.4. Let {H, fj,, rj, A, e, S, r, u) be a coribbon WHA and v be its dual Drinfel'd ele- 
ment (I4.38p . Then the pivotal form w: H ^ k, x v{x')v{x") is dual group-like and satisfies 

S'^{x) = w{x')x"w{x"') (5.17) 

for all X £ H. 

Proof. Analogous to the situation in a ribbon Hopf algebra. Rather tedious. □ 
5.2 Monoidal structure 

The definitions in this section follow Nill [18], but are here given in a form that does not 
assume finite-dimensionality of H. 

Proposition 5.5. Let {H, fj,,rj, A,e) be a WBA. Then Hg forms a right ff-comodule with 

: Hs ^ Hs0 H, x^x' x" . (5.18) 

Proof. By (j2.10p . coassociativity and the counit property. □ 

Proposition 5.6. Let i/ be a WBA and V,W £ Then the /c- vector space 

V(^W ■.= {v(^weV'SiW\ v^w = {vv ® ww)£{vhwh) } (5.19) 

forms a right ff-comodule with 

Py§^^^: V§)W ^ {V®W) H, v®w^ {vv ®ww)^{vhwh)- (5.20) 

Proof. Consequence of the WBA axioms and of the comodule axioms. □ 

The tensor product (8) is often called the truncated tensor product. We note that the 
/c-linear map 

Pv,w-y^W^V^W, V ®w ^ {vv ®ww)£{vhwh) (5-21) 
forms an idempotent, and that is its image. 

Theorem 5.7. Let H he a. WBA. Then the category forms a /c-linear monoidal category 
{M" ,^,Hs,a,X,p) with 

Xv:Hs^V^V, h^v ^ vve{hvH), (5.22) 
pv : V§)Hs ^V, v®hh^ vve{vHh), (5.23) 

and isomorphisms ajjy^w- {U(ii^V)^W U(Si{V^W) induced from the associator of Vect^. 
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Proof. (1) We have already seen that is A;-hnear as a category. Since ^ is fc-bihnear 
on morphisms, is also A;-linear as a monoidal category (c.f. Definition I A. ISP . 

(2) We claim that Ay and pv are invertible with inverses 

Xy^:V ^ Hs®V, v^{l' ® vv)e{l"vH), (5.24) 
Py^:V^V^Hs, V ^ vv (S> esivn)- (5.25) 

While Ay and pv are obviously well defined, we have to verify that Ay^ maps into Hs<SiV 
which follows from (jS.ip and that py^ maps into V(i^Hs which follows from (j5.9p . In 
order to verify that Ay o Ay^ = idy, one needs the coaction of H on Hg, the axioms 
of the comodule V and the axioms of a WBA. For Xy^ o Ay = id^^^gy, one needs in 
addition (j5.5p , (j5.3p and (|5.6p ; for py o py^ = idy , one needs (|5.7p and for py^ o py = 



'idy^Hs (1531), S and 

(3) Using ()5.3p and (j5.5p . one shows that Ay is a morphism of right i/-comodules and 
using (15. 9p that py^ is. 

(4) Naturality of Ay and pv follows from the comodule axioms of V and from the properties 
of a morphism of comodules. 

(5) The pentagon axiom can be proven from the comodule axioms and the axioms of a 
WBA, and the triangle axiom from (|5.8p and (|5.5p . 

□ 

Finally, we show that the forgetful functor — > Vect^. has a separable Frobenius 
structure (Definition I3.13p . This result is precisely dual to that of [25]. First, we recall the 
image factorization of an idempotent in an abelian category. 

Proposition 5.8 (see, for example [35]). Let C be an abelian category and p: ^ — > ^ be an 
idempotent. The image factorization of p yields an object p{A) (the image of p), which is 
unique up to isomorphism, together with morphisms coimp: A — > p{A) (the coimage map) 
and imp: p{A) — > A (the image map) such that the following diagram commutes: 



coimp , 

A -^p{A) 




imp 



(5.26) 



Since C is abelian, the idempotent p splits. The splitting is given precisely by the two mor- 
phisms of the image factorization, and so we have idp(^) = coimp o imp. 

Proposition 5.9. Let {H, p,r], A,e) be a WBA and U : Vect^ be the forgetful 

functor that assigns to each finite-dimensional right i/-comodule X its underlying vector 
space UX and to each morphism of right i?-comodules f : X ^ Y the underlying linear map 
Uf: UX UY. Then {U,Ux,y,Uo,U^'^ ,U°) is a A;-linear faithful functor taking values in 
fdVectfc with a separable Frobenius structure where 

Ux,Y = coim Px,Y :UX0UY Pxy{UX UY), (5.27) 

Uo = T]-k ^ Hs, (5.28) 

U^'^ = im Px,Y : Pxy{UX (g) UY) ^ UX® UY, (5.29) 

C/° = e\H, -.Hs ^ k. (5.30) 
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Here, Px,y is the idempotent (j5.2ip . and so its image is the truncated tensor tensor product, 
i.e. the vector space underlying the tensor product in , 

Px,y{UX ® UY) = U{X^Y). (5.31) 

Furthermore, Hg = Ul is the vector space underlying the monoidal unit (Proposition 15. 5( ). 

Proof. (1) U is A;-linear and faithful because UX and Uf are just the underlying vector 
space and linear map, respectively. 

(2) In order to see that {U, Uxy, Uq) is lax monoidal (Definition IA.2h . we have to verify the 
following. 

(a) The hexagon axiom Uax,Y,z ° Ux»y,z o (Ux,y ® idt/z) = f^x,y®z ° (idc/x ®Uy,z) ° 
Oiux,UY,uz follows from the definitions Ux,y{x ® y) = {xx yY)£{xHyH) and 
Uxi^Y,zix i^y z) = (xx yy iS) zz)s{{xHyH)zH), etc., and from the axioms of a 

wba! 

(b) The first square U\x ° Ui^x ° (Uq ® idux) = ^ux follows from the definitions 
Uo{l) = 1 e Hs; Ui,x{h ^x) = {h' ® xx)e{h"xH) for h £ Hg, x £ UX; U\x{h (g) 
x) = xx^ihxn) for h S Hg, x G UX; and from the axioms of a WBA. Recall that 
Xux on the right hand side is the unit constraint of Vect^,. 

(c) The second square Upx ° Ux,i o {idjjx ^Uq) = pux follows from the definitions 
Uo{l) = 1 e Hs; Ux,i{x®h) = {xx®hl)e{xHh") for x G UX, h G Hg; Upx{x®h) = 
xx^ixnh) for x G UX, h G Hg; and from the axioms of a WBA. Again, pux is 
the unit constraint of Vect^. 

(3) In order to see that {U, U^'^ , U^) is oplax monoidal, we need to verify: 

(a) The hexagon axiom ()A.6P holds because U^'^{x (8> y) = x y for all x (8i y G 
U{X®Y) <ZUX® UY. 

(b) In order to verify the first square Xux ° {U^ ® '^dux) ° U^'^ {h (E) x) = U Xx {h (E> x) 
for all /i (8) X G U{l'SiX), we use the fact that h® x = {h! xx)£{h" xh) and the 
definitions U^'-^ {h® x) = h'S>x, U^{h) = e(/i), Xux{^®x) = x (unit constraint of 
Vectfc) and UXx{h x) = xx£{hxH)- 

(c) In order to verify the second square pux ° (id;7x 'S>U^)o U-^'^ (x^h) = Upx{x® h) 
for all X /i G U{X(E\), we use the fact that x /i = {xx (E> h')e{xHh") and the 
definitions U'^'^{x 0h) = x^h, U^{h) = e{h), pux{x (8> 1) = x and U px{x ®h) = 
xxe{xHh). 

(4) Finally, we verify the compatibility conditions of Definition 13.131 

(a) The splitting of the idempotent Px,y yields Ux,y ° U^'^ = '^djj^^^y)- 

(b) In order to show {idux ®Uy,z) ° Oiux,UY,uz ° {U^'^ ® iduz){x t^y^z) = JJ^'^'^^ o 
Uax,Y,z ° Ux0Y,z{x y f?) -z) for all x (X" y (g) z G U{Xi^Y) ®U Z, we use the fact 
that x y z = {xx ® yy ® z)e{xHyH) as well as the axioms of a WBA. 

(c) The proof of {Ux,y iduz) o a^x,i/y,t/z ° (i^c/x = U^^^'^ o Ua]lY,z ° 
Uxy^z is analogous. 



□ 
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5.3 Duality 

Proposition 5.10. Let H he a WHA and (y,(3y) be a finite-dimensional riglit i/-comodule. 
Tiien tiie dual vector space V* forms a right i?-comodule with 

f3v*:V*^V*0H, i^^{v^^{vv)0S{vh)). (5.32) 

Proof. Consequence of the WBA axioms and of the comodule axioms. □ 

Theorem 5.11. Let H he a WHA. Then the category A4^ is left-autonomous if the left-dual 
of each V € \A4^\ is chosen as (F*, evy, coevy) where V* is the vector space dual to V and 

evv-V*®V ^ Hs, ^^{vv)es{vH), (5.33) 

coevy : 

j 

Here we have used the evaluation and coevaluation maps that turn V* into a left-dual of V 
in Vectfci 

^^{Vectk).y*^y^f^^ 7?®w^7?(t;), (5.35) 

coevJ7''''*'^ :k^V®V*, 1 ^ ^ O e^'. (5.36) 

j 

Proof. While evy is obviously well defined, we have to show that coevy maps into V^V*. 
This follows from (|5.ip and (|5.14p . In order to show that evy is a morphism of right H- 
comodules, one needs (j5.13p and for coevy one needs (15. ip . (j5.14p . (|5.4[) and (j5.3p . The 
triangle identities can be proven using (j5.15p . □ 

5.4 Ribbon structure 

In this section, we show that if H is coribbon, the category A4^ is ribbon. As soon as we 
give the braiding and the ribbon twist, the proofs are straightforward. 

Proposition 5.12. Let {H, fi,ri, A, e, S,r) be a coquasitriangular WHA. Then Ai^ is a 
braided monoidal category with braiding av,w '■ V®W WiSiV given by 

av,w{v ^ w) = {ww 'Si vv)r{wH ^ vh) (5.37) 

for all V,W \A4^\ and v G V, w £ W. If H is cotriangular, then A4^ is symmetric 
monoidal. 

Note that Qv,w = o'w,v°o-v,w can be obtained by Qv,w{v Sw) = {vy '^ww)<i{vh ®wh), 
c.f. Definition SlSl 

Proposition 5.13. Let (if, /x, ry. A, e, 5, r, i^) be a coribbon WHA. Then is a ribbon 
category with ribbon twist i/y : V ^ V given by 

uviv) = vvv{vh) (5.38) 

for all V G \M"\ and v ^V. 

Remark 5.14. Note that the forgetful functor U : M.^ —>■ Vectj^ of Proposition 15.91 is in 
general neither braided nor ribbon although both and Vect^ are ribbon categories. 



30 



Tannaka-Krein reconstruction and modular tensor categories 



5.5 Special properties of modular categories 

Proposition 5.15. Let (C, A,e) be a split cosemisimple coalgebra over a field k. Then TW*^ 
is semisimple according to Definition IA.20[ If C is in addition finite-dimensional over k, then 
Ai*-" is finitely semisimple. 

Proof. Let {Vj}jQj be a family of objects Vj € lAI^^I that contains one and only one repre- 
sentative per isomorphism class of irreducible right C-comodules. We show that the condi- 
tions (3a) to (3c) of Definition IA.20I are satisfied. 

(3a) Each Vj, j € /, satisfies FindiVj) = k hy Lemma I2.15r 3). 
(3b) By Lemma [235];2). 

(3c) The morphisms z^^^ and n^^'^ are those that define the finite biproduct (j2.17p . 

□ 

Lemma 5.16 (see [18, Lemma 4.5]). Let H he a WBA. If HtnHs = k, then End(if^) ^ k 
in where Hs is the monoidal unit object. In particular, every morphism f:Hs^ Hg in 
JV[^ is of the form / = cid//^ where c G /c can be determined from the condition /(I) = cl. 

Corollary 5.17. Let H he a. split cosemisimple WBA such that Htr\Hs = k. Then A4^ is 
semisimple, and there exists a E / such that Hg = Vq. 

Proof. By the lemma, Hg is simple in . By Corollarv lA.23l this implies that Hg = Vq for 
some G /. □ 

Proposition 5.18. Let H he a split cosemisimple WHA. Then A4^ is semisimple, and for 
each j G I, there is some j* G I such that (V^)* = Vj*. 

Proof. For j G /, Vj is an irreducible right i?-comodule. We show that every morphism 
/: V^* — 5- V^* is of the form / = c-idy* with some c G A;, and so V^* is simple. By Corollarv lA.23l 
this implies that V^* = Vj* for some j* G /. This is done as follows. Given any f : Vj ^ V^ , 
define g: Vj ^ Vj hy 

9 = PVj o (idvj ® evy^J o aVj,v*,Vj o ((idy, <^f) idyj o (coevy,. Oidy^) o Ay^ (5.39) 
By the triangle identities, 
f = g* = Xy* o (evy. (8)idv.*) o a7}l y y* o {idy* ^{g ® idv*)) ° (idy* (8)coevvJ o pyl, (5.40) 

J J ] j ' 3' j J J J j 

but since Vj is simple by assumption, g = c- idy,- for some c k, and we can use /c-linearity of 
as a monoidal category and another triangle identity in order to show that / = c-idy* . □ 

Lemma 5.19. Let H he a coribbon WHA, V G \M^\ and f: V ^ V. Then the trace 
try (/) : Hg ^ Hg is given by 

n 

try(/)(/i) = Yl fjieg{S{{hc,,)'))w{{hc,j)") (5.41) 
i/=i 

for all h G Hg. Here n = d\m.k{V) is the fc-dimension of V; the fji G k are the matrix elements 
of /, i.e. f{vi>) = '^jfji] the c^j G H are the coefficients of F, i.e. I3v{vj) = ^"=1 ve^^cij] 

and w: H ^ k is the pivotal form (Lemma 15. 4|) . 
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Proof. The trace of / in the ribbon category is given by 

trv'(/) = evy oavy* o [uv idy*) o (f (g) idy.) o coevy : Hg ^ Hg. (5-42) 
We insert the definitions of these morphisms and use (jS.Sp and (|5.16p . □ 

In the following, we restrict ourselves to coribbon WHAs in which Ht O Hg = k. By 
Lemma 15.161 this implies that End(i?s) = k, and so all traces take values in the field k. In 
order to express the coefficients of the S'-matrix (j2.2p of in terms of the linear form 
q: H (g H ^ k oi ()4.36p . we proceed as follows. 

Definition 5.20. Let H he a. coribbon WHA over a field k such that Ht H Hg = k and 
V G \M^\, n = dimfc V. We caU 



XV 



J2^n^H (5.43) 



the dual character of V and 



^v=Yl (^i^^M e H (5.44) 

the dual quantum character of V . 

Note that a dual central linear form a: H ^ k defines a natural transformation of the 
identity functor /*^") : Ij^h =^ l^vi^ via /^°) = (idy 0a) o (5v for ah F G \M^\. Tr aces m 
Al''^ can thus be expressed in terms of the dual quantum characters. 

Proposition 5.21. Let H he a coribbon WHA over a field k such that Ht n Hg = k, 
V G |A^^|, and a: H k he dual central. Then 

try(/(")) = ci;) idH,, (5.45) 

where the element Cy ^ G A; is determined by 

a{T{,)eg{S{T^)) = cP7j{l). (5.46) 

Proof. By Lemma 15.16^ we can determine Cy ^ in (15.45P by evaluation at ry(l) G Hg. We use 
the formula (|5.4ip . □ 



In the special case in which H is a Hopf algebra, we have Hg = k and Eg = e, and so 
Proposition 15.21] reduces to try(/|f^'') = a{Ty) as expected. In the case in which H is a WHA 

and e{r]{l)) ^ 0, we can apply e to ()5.46p and obtain Cy ^ = a(Ty)/e(r/(l)). 

In order to deal with the S'-matrix, we need the analogue of Proposition 15.211 for endo- 
morphisms of a tensor product of modules. Note that a linear form H ® H ^ k that 
satisfies 

x'y'-f{x" <E)y") = j{x' <S) y')x"y" , (5.47) 
e{x'y')-f{x" (g)y") = -f{x(E>y), (5.48) 

for all x,y E H, defines a morphisms fy^/ G End(F(8'iy) via 

/|7^ = (id^g^ 07) o (idy ^aH,w id//) o {Pv ® Pw) (5.49) 
In particular, q: H ®H ^ k oi (j4.36p satisfies these conditions and gives rise to the morphism 
fvw = Qv, w = (^wy ° (^vw whose trace in is the 5-matrix. 
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Proposition 5.22. Let H he a coribbon WHA over a field k such that Ht O Hg = k, 
V,W e \M^\ and j: H (g) H ^ k he a hnear form that satisfies ()5.47p and (|5.48p . Then 

^^v^wifviv) = ^viv id//. (5.50) 
where the element c[7^ G k is determined by 

7(T{. 0r(^K(5(r(^r((.)) = 4^i^r?(i). (5.51) 

Proof. Analogous to Proposition 15.211 Apply ()5.4ip to ^(giH^ and exploit that w: H —> k is 
dual group-like. □ 

In the special case in which H is a Hopf algebra, Proposition l5.22l reduces to tryg^(/y^) = 
7(TV ^ T]y) as expected. In the case in which H is a WHA and e{r]{l)) ^ 0, we can apply e 
to (|53n) and obtain cjjj^ = -f{Tv O Tw)/e{r]{l)). 

Definition 5.23. Let H he a coribbon WHA over a field k such that Ht Ci Hg = k. Let 

T{H) = span^lTy | V E } H denote the space of dual quantum characters of H. 

We define a linear form q: T{H) T(H) ^ k, Ty Ty/ — > qv,w where the qv,w £ ^ are 
determined by 

g(r(. ® r^)e,(5(r{;r((.)) = 5y,wr/(i). (5.52) 

H is called weakly cofactorizable if every linear form ip: T{H) —s- A; is of the form ip{—) = 
q{— ® x) for some x G T{H). 

In the special cases in which H is a Hopf algebra or in which is a WHA with e(ry(l)) ^ 0, 
the condition of weak cofactorizability reduces to the requirement that the bilinear form 
q: H ®H ^ khe non-degenerate if restricted to T{H). The following Corollary finally spells 
out the relationship with the S'-matrix oi AA.^ . 

Corollary 5.24. Let H he a finite-dimensional, split cosemisimple, coribbon WHA over a 
field k such that Ht fl Hg = k. Let {Vj}j^j denote a set of representatives of the isomorphism 
classes of simple objects of . H is weakly cofactorizable if and only if the matrix with 
coefficients Sji = qVj,Vi is invertible. 

The results of the present section can be summarized as follows. 

Theorem 5.25. Let be a finite-dimensional, split cosemisimple, coribbon WHA over a 
field k such that HtDHg^k. 

(1) Ai^ is a finitely semisimple additive ribbon category. 

(2) is modular if and only if H is weakly cofactorizable. 

The following terminology is therefore appropriate. 

Definition 5.26. Let H he a WHA over a field k. H is called comodular if if is a finite- 
dimensional, split cosemisimple, weakly cofactorizable, coribbon WHA such that HtDHg = k. 
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Theorem 15. 25r 2) generalizes the result of Takeuchi [36, Theorem 4.6(1)] twofold: (1) from 
Hopf algebras to WHAs and (2) by removing the assumptions on the underlying field k. 

Note that the condition of split cosemisimplicity appears as a consequence of requiring 
End(Vj) = k for the simple objects of a modular category, rather than allowing End(lj) to 
be a finite skew field extension over k. Nevertheless, everything that has been done so far, 
works for any field k. 

In Section [6] we show that if C satisfies all conditions of Definition 12.11 except maybe for 
(3), i.e. non-degeneracy of the S matrix, and if H = coend(C,u;) is the WHA reconstructed 
from C with respect to the long forgetful functor uj, then weak cofactorizability of H is both 
necessary and sufficient for the non-degeneracy of the S'-matrix. 

Compared with the sufficient conditions stated in [29, Lemma 8.2], we have not only 
removed assumptions on the underlying field k (algebraic closure and that the characteristic 
of k does not divide dimk{Hs)), but our condition of weak cofactorizability is indeed weaker 
than the condition (dual to) factorizability used in [29]. That condition would read in our 
context as follows. 

A coquasitriangular WHA H is called cofactorizable if every linear form ip: H ^ k that 
satisfies 

^{y')et{y") = etiy'Mv") (5.53) 

for all y E H, is of the form (p{—) = q{— (8) x) for some x ^ H. The condition of weak 
cofactorizability, in contrast, requires non-degeneracy of q only on dual quantum characters. 

5.6 Further properties 

In this section, we collect further results on the reconstructed WHA. 
Definition 5.27. Let H he a. WBA. 

(1) H is called copure if the monoidal unit object Hs of is irreducible. 

(2) H is called connected if Z{H) nHt = k. 

(3) If H is finite-dimensional, H is called coconnected if H* is connected. 

(4) H is called a face algebra [37] if Hs is a commutative algebra. 

Proposition 5.28. Let C be a modular category, uj: C ^ Vectfe be the long forgetful functor 
and H = coend(C,u;) be the reconstructed WHA. 

(1) Ht — R are isomorphic as /c-algebras. 

(2) Hs — R are isomorphic as /c-algebras. 

(3) //min — R°^ R are isomorphic as /c-algebras and 

i7mm = w(l)*(g)w(l) = {[t?]'y]i I v. V <S)1;^: V (^1 ^V}. (5.54) 

(4) H is regular. 

(5) H is a, face algebra. 

(6) The dual Drinfel'd elements of H are given by 

umv]^) = ev^^x){^0{{D^'®iyx)ovoDy)), (5.55) 
vmv]j,) = ev^^)(??®((Z)^®z.^i)o^oZ)^i)), (5.56) 

for all V G u;{X), ^ G uj{X)* and X G \C\. 
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(7) The pivotal form w: H ^ k (Lemma 15. 4p is given by 

w{[mx) = evc.(x) {{D^^ odoiDy® idx)) ® v) , (5.57) 

for all V G w(X), {} e uj{X)* and X G |C|. 

(8) The dual character associated with X G \C\ is the element 

i 

(9) The dual quantum character associated with X ^ \C\ is the element 

E t^y' ° ^(X) ° (^y ^ idx)|ef G (5.59) 

3 

Proof. (1) From the idempotent basis of Proposition 13.51 one obtains a pair of dual 

bases i^^p) ^ ^"^^ (^(i)) • °^ "^(1) ^"^^ ^W* with respect to ev^(i) by 

= ° ^(1) = ° Pv- (^-60) 

It follows from the triangle axiom of C that these from a basis of orthogonal idempotents 
of Ht. 

(2) Analogous. 

(3) According to [21, Section 3], Hmin is generated as an algebra by Ht U Hg- From Propo- 
sition |T20l we see that 

u;(l)* (g)u;(l) = spanfc{ I v. V ^ V <E) 1; -d : V ig) 1 ^ V } (5.61) 

is the vector space generated by Ht U Hg- We verify in a direct calculation that it is an 
algebra with unit [/Oylp^"*^]^ and multiplication 

/^(Ki)lef \ ® [efi)|e(«]^) = 5,„5,„[eJ,) |e«]^, (5.62) 

using again the triangle axiom. This equation also shows the isomorphism of algebras 
H^i^ ^ R(® R°P R. 

(4) Using (SMI), 

SH[eli)\ei'^]^) = [DZ^oel^^o{Dy(^idi)\{D^'®idi)oe\''>oDy]^ 

= Ki)l4'\> (5-63) 
for all j,£ (z I by naturality of . 

(5) By (1). 

The remaining claims are proven by direct computation. □ 

Proposition 5.29. Every comodular WHA H is coconnected and copure. 

Proof. Since H is finite-dimensional and Ht H Hg = k, H is coconnected by [38, Proposition 
3.11]. By Corollary 15.171 Hg = Vq for some G /. But by Proposition 15. 15^ each Vj, j & I, is 
an irreducible right ff-comodule. □ 
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6 Equivalence of categories 

Let us compare the original modular category C with the category of finite-dimensional 
right i?-comodules of the reconstructed WHA H = coend(C, cj). We show that C ~ are 
equivalent as ribbon categories. In this section, most commutative diagrams are in Ai^ . We 
highlight this fact by putting the hat on the truncated tensor product and by writing Hg 
rather than 1 for its monoidal unit object. 

6.1 Equivalence of monoidal categories 

In order to see that C ~ are equivalent as monoidal categories, we show the following. 

Theorem 6.1. Let C be a modular category, w: C — > Vect^ be the long forgetful functor 
and H = coend(C, to) be the reconstructed WHA. 

(1) The long forgetful functor factors through Ai^ , i.e. the diagram 



(6.1) 



commutes. Here U : Ai^ Vect^ is the forgetful functor of Proposition 15.91 

(2) The functor F is A;-linear, essentially surjective and fully faithful. 

(3) {F, -Fx.y ) -^o) forms a strong monoidal functor with 

Fx,Y- FX^FY ^ F{X ^Y), f ^ g ^ a^^^ y o {f ^ idy) o g, (6.2) 
Fo-.Hs^Fl, [pvM^^v. (6.3) 

Proof. (1) The functor F sends the objects and morphisms of C to the same vector spaces 
and linear maps as uj does, i.e. FX = io{X) and Ff = io{f) for all X,Y ^ \C\ and 
f:X—>Y. In order to show that F is well defined as a functor to Ai^ , we have to 
verify the following: 

(a) For each A" G |C|, FX = io{X) forms a right ff-comodule, c.f. p.26p . 

(b) For each morphism / : A ^ y of C, Ff = uj{f) = (idy ®f) o — is a morphism of 
right i/-comodules because 

8^ o u;{f)[v] = (ivif) idn) o (^^H (6.4) 

for all V € uj{X). This can be verified by using the coaction (12.26p . the rela- 
tions (j4.ip , the form of the dual morphism (j3.10p and the properties of the coeval- 
uation (13.91). 




(2) F is obviously /c-linear since u; is. F is essentially surjective because H is split cosemisim- 
ple and therefore every finite-dimensional right i?-comodule M is of the form 
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for some ji , . . . , j„ € /. Here we have used that C is additive and thus has all finite 
biproducts. F is faithful because u is (Proposition 13. 8p . In order to see that F is full, 
consider some morphism f:M — > A'^ of A4^ , decompose both source and target as 
in (|6.5p . Since the Lu{Vj), j € /, are simple in , morphisms between these are either 
null or multiples of the identity. The latter are of the form (id^;> idvj ) o — = uj{idy.). 

(3) In order to see that Fx,y and Fq are well defined, we have to show that these linear 
maps are morphisms of right i?-comodules, i.e. 

(a) For all £ Hg, we have 

6t o Fo{[py\v]^) = (Fo ^idH)o PhsHPyM^)- (6.6) 

In order to show this, we need the coaction (|2.26|) on Fl = uj{1) and the coac- 
tion (|5.18p on Hg . Recall that the subalgebra Hg of Proposition 12.61 was computed 
for the reconstructed WHA in Proposition I4.20T 21. 

(b) For all X,Y e \C\, v e FX = u{X) and w e FY = lj(Y), we find 

{Fx,Y ® id/f) o (id^(x) '^id^(y) o (id^(x) '^crH,uj{y) '^^h) 

= S^^YoFx,Y[vg)w], (6.7) 

where the left hand side is the comodule structure of the tensor product FXg)FY 
from (j5.20p . In order to verify the equation, we use the coactions of (j2.26p and 
Proposition 13.121 

Fq is an isomorphism with inverse 

F^-^:Fl^Hs, v^[p^\v]^. (6.8) 

In order to see that the Fx^y are isomorphisms, we note that -Fx,y is the restriction of 
^x,Y of (|3.27p to FX(2)FY, i.e. the restriction to the truncated tensor product of Ai^ , 

We see that u>^'^ o u>x,Y- '^(^) ^ ^0^) ~^ ^{^) ^ ^0^) agrees with the idempotent 
Puj{x),Lj{Y) of (|5.2ip because for all v £ uj{X) and w € u;(y), 

X Y r n 

u) ' o n;x,y [f iX) ifj 
= (ida;(x) ^ ida.(y) «>(£ o p)) ° (id^(x) «'cr//,a.(y) id/f) o (Sx ® '^y)b w] 
= -fl;(x),a;(y)(^"^ w^), (6.9) 

using the coactions (|2.26p and Proposition 13.121 

Therefore lo'^'^ maps into the truncated tensor product FX(g>FZ. It is a left-inverse of 
Fx,Y because of (|6.9p and a right-inverse because of (j3.23p . 

Finally Fx^y satisfies the hexagon axiom of a strong monoidal functor because ujx,y 
does. The two square axioms have to be verified explicitly: 

(a) First, for all € Hs and w € uj{X)., we have 

F\x o Fi^x o (-^0 idFx)([P|/|i'] J 8) w) 
= {{e o p)0 idrx) ° (id//, ®o-fx,h) o (id//, ®'^x)([Py l^lj ^ w) 
= XfxHPvMi^w), (6.10) 
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using the triangle axiom in C, the relations (|4.ip . the left-duals of Proposition 13.71 
and (ISTSl) . 
(b) Similarly, we verify 

Fpx o Fx,i o [idFX ^Fo){w ® [py\v]^) 
= {idpx ®(e o /i)) o {Sx idH)(w [pyMi) 
= pFx{w(^[py\v]^). (6.11) 

□ 

Corollary 6.2. Under the conditions of Theorem 16. 11 the categories 

C (6.12) 
are equivalent as monoidal categories. 

Proof. Since F is essentially surjective and fully faithful, by [39, Theorem IV. 4.1], F is part of 
an adjoint equivalence F -\ G. By Proposition I A. 41 the fact that F is strong monoidal implies 
that G is lax monoidal and both unit and counit of the adjoint equivalence are monoidal 
natural transformations. □ 

6.2 Equivalence of ribbon categories 

In this section, we show that the original modular category C is equivalent to the category 
M^, H = coend{C,uj), ribbon category. 

Proposition 6.3. Let C be a modular category, C — s- Vectfc be the long forgetful functor 
and H = coend(C,CA;) the reconstructed coquasitriangular WHA. Then the functor F: C ^ 
of Theorem 16. II is braided. 

Proof. We have to show that the condition ()A.2ip holds for F, i.e. that 

o'fx,fy{v If) = Fyx ° F{ax,Y) ° Fxyiv w) (6.13) 

for all V £ FX = u){X), w G FY = io{Y), X,Y G \C\. Here, (Jfx,fy is the braiding obtained 
in Proposition 15.121 from the coquasitriangular structure of Theorem 14.131 The claim is an 
immediate consequence of the definitions. □ 

Proposition 6.4. Let C be a modular category, lo: C ^ Vectjt be the long forgetful functor 
and H = coend(C,u;) be the reconstructed coribbon WHA. Then the functor F: C 
of Theorem 16. II is ribbon. 

Proof. We have to show that the condition ()A.29P holds for F, i.e. that 

UFxiv) = F{iyx){v) (6.14) 

for all V G FX = uj{X), X G \C\. Here, i'fx is the ribbon twist obtained in Proposition 15.131 
from the coribbon structure of Theorem 14.181 The claim follows immediately from the defi- 
nitions. □ 
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6.3 Equivalence of modular categories 

Definition 6.5. Let C and C be modular categories with the same k = End(l) = End(l'). 
We say that C and C are equivalent as modular categories if there is a functor F: C C 
that is A:-linear, essentially surjective, fully faithful, strong monoidal and ribbon. 

Theorem 6.6. Let C be a modular category and uj be the long forgetful functor. Then 

C ~ XCoend(C,c^) (g_^5) 

are equivalent as modular categories. 

Proof. The functor F of Theorem 16.11 has these properties. □ 
Corollary 6.7. Each modular category C is abelian, and its long forgetful functor to is exact. 

Proof. Since the functor F: C ^ _y\^coend(c,a;) -g pg^j.^ Qf equivalence of categories and the 
category Ji^^'^^^^ic,'^) abelian, so is C. As part of an equivalence, F is exact, and since U 
of Theorem 16. II is exact, too, so is lo. □ 

Finally, we can complete the characterization of the WHA H = coend(C, uj) reconstructed 
from a modular category C and the long forgetful functor uj: C ^ Vect^ (Section S]). The 
following result complements Theorem l5.25( 2). 

Theorem 6.8. Let C be a modular category with k = End(l) and uj: C ^ Vect^ be the 
long forgetful functor. Then H = coend(C,u;) is a comodular WHA over k. 

Proof. C ~ Ai^ are equivalent as modular categories, and F:C of Theorem O IS a 

/c-linear, essentially surjective, fully faithful, strong monoidal ribbon functor. Such a functor 
preserves simple objects up to isomorphism and preserves traces (Proposition IA.2"8|) . and so it 
preserves the non-degeneracy of the S'-matrix of Definition 12. 1( 3) as well. Then Corollary 15. 241 
implies weak cofactorizability of H, and so H is comodular. □ 

6.4 Morita equivalence and the choice of the forgetful functor 

When we start with a modular category C and reconstruct a comodular Weak Hopf Algebra 
H = coend(C,ti;), we always work with the canonical choice of the long forgetful functor 
oj: C ^ Vectfc. When we start with a comodular WHA H over k, however, the category 
M.^ always comes with a forgetful functor U: Vect^ (Proposition 15. 9| ) which may 

or may not agree with the canonical choice of the long forgetful functor. In order to better 
understand the situation, let us recall the following results from [13, Theorem 2.1.12 and 
Lemma 2.2.1]. 

There is a category whose objects {C,uj) are categories over Vect^, i.e. pairs of a small 
category C with a functor uj: C ^ Vect^ that takes values in fdVect^. Its morphisms are 
functors over Vectfc. A functor ^]: (C,^) — > {C',u!') over Vect^ is an equivalence class 
of pairs {F, ^) where F: C ^ C is a functor and S^: uj ^ uj' o F a natural equivalence. The 
equivalence relation is such that [F, ^] is an isomorphism in if and only if F : C — s- C is an 
equivalence of categories. 



Tannaka-Krein reconstruction and modular tensor categories 



39 



Then Tannaka-Krein duality between coalgebras and their categories of finite-dimensional 
comodules is an adjunction 

Coend(-) 

^ZJH CoAlgfc (6.16) 

M- 

Here CoAlgj^, is the category of coalgebras over k and their homomorphisms. The functor 
coend applied to a category (C, iv) over Vect^, gives the universal coend, using the functor 
Lo supplied, and the functor M-~ applied to a coalgebra H gives the category Ai^ of finite- 
dimensional right i?-comodules with the forgetful functor of Proposition 15.9^ viewed as 
a category {M^ ,U^) over Vect^. 

The counit of the adjunction is always a natural equivalence, i.e. for each coalgebra H over 
k, H = coend(A^^, ?7) are isomorphic as coalgebras. If (C,u;) is a category over Vect^ for 
which C is /c-linear abelian and uj is A;-linear, faithful and exact, then the unit of the adjunction 
is an isomorphism as well, i.e. (C,a;) is isomorphic in to (^^Xi'^o'^^^ic,'^) ^u<:oeTid{c,ui)'j_ This 
means that C ~ _/\^coend{c,a;) equivalent as categories. We have shown this by hand for 
the case in which C is modular and to the long forgetful functor. 

If one starts with a comodular WHA H whose underlying functor : — > Vect^ 
is not naturally isomorphic to the long forgetful functor uj: — > Vect^, the above ad- 
junction yields a coalgebra coend(A1^, U^) that is isomorphic to H, but the coalgebra we 
have reconstructed in Section HJ is coend(A^^, cu) which need not be isomorphic to i7 as a 
coalgebra. 

Our coend(A^^, cij) is in general only Morita equivalent to H. It is simply a canonical 
choice in the class of all comodular WHAs whose categories of finite-dimensional comodules 
are equivalent to Al^ as modular categories. 

7 Example 

In this section, we present the reconstructed Weak Hopf Algebra H for the modular category 
C associated with the quantum group C/g(s[2), q a root of unity. We use the diagrammatic 
description of [40] and precisely follow their notation. 

Let r € {2, 3, 4, . . .} and q = exp ^. For simplicity, we work over the complex numbers k = 
C The isomorphism classes of simple objects of C are indexed by the set / = {0, 1, . . . , r — 2}. 
By Vj, we denote a specific representative of the class j € /. Its identity morphism is visualized 
by a straight line, labeled by j G I, 

(7.1) 

All our diagrams are plane projections of oriented framed tangles, drawn in blackboard fram- 
ing. The coherence theorem for ribbon categories [7] makes sure that each diagram defines a 
morphism of C. Since C is /c-linear, we can take formal linear combinations of diagrams with 
coefficients in k. All our diagrams are read from top to bottom. 

Two special features of [/^(sb) are exploited. First, the simple objects are isomorphic to 
their duals, and the choice of representatives Vj, j € /, of the simple objects is such that 
(Vj)* = Vj are equal rather than merely isomorphic. This allows us to omit any arrows from 
the diagrams that would indicate the orientation of the ribbon tangle. 
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Second, there are no higher multiphcitics, i.e. for all a,b,c € /, we have dim^ Hom(V^ 
Vh,Vc) e {0,1}. More precisely, Hom(ya ® = k \i and only if the triple (a, 6, c) is 

admissible. Otherwise, Hom(F(j (g) Vb, Vc) = {0}. 

Definition 7.1. A triple (a, 6, c) G is called admissible if the following conditions hold. 

(1) a + 6 + c = mod 2 (parity), 

(2) a + 6 — c > and b + c — a > and c + a — 6 > {quantum triangle inequality), 

(3) a + 6 + c < 2r — 4 (non-negligibility). 

A special choice of basis vector of }iom{Va (8) H, Vc) is denoted by a trivalent vertex, 



If we draw such a diagram for a triple (a, 6, c) G that is not admissible, by convention, we 
multiply the entire diagram by zero. We denote by Aj the categorical dimension of Vj and 
by ■d{a, b, c) the evaluation of the theta graph, 



a 



Aj= 7?(a,6,c)= '' y (7.3) 

c 

Note that Aj ^ for all j ^ I and t?(a, b,c) for all admissible triples (a, 6, c) € I^. For 
each j G I, we define the vector spaces 



u{Vj) = Hom(y, y (8) Fj) = span J ^ 



p 

3 



and 

u;(yj-)* = Hom(i/ Fj-, F) = span^t i ^ ^ 



p,gG7 ^ (7.4) 



p,gG/ ) (7.5) 



where F = ®j^iVj denotes the universal object. This notation is compatible with the remain- 
der of the present article, but not with [40]. There, the universal object is called oo whereas 
our oj is the long forgetful functor. In the following, we prefer the bases (el^^^)„„ and (e?,%) 

P'i \ M ) pq 

with p 

where p,q e I such that (p, g, j) is admissible. The reconstructed WHA is the vector space 

H = ®u;{Vj)*0u;{Vj). (7.7) 



A convenient basis of H is given by the vectors of the form 

:=ef^.,®e[r^') (7.8) 
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for j E I and p,q,r, s £ I such that {p, q, j) and (r, s, j) are admissible. We can now give the 
coalgebra structure {H,A,£): 



E 

t,uei 



ei[e 



P<1 \J'^:ih 



More generally, the counit is the evaluation of the following trace, 

ID 



B 




(7.9) 
(7.10) 



(7.11) 



By this notation, we mean that one takes whatever ribbon tangles A and B occur in the 

argument of e and pastes them into the diagram on the right. All open ends of the tangles 
are labeled by simple objects, and when one connects two of them, say labeled by p G I 
and q € I, the composition of morphisms is zero unless p = q, i.e. one has to write down a 
prefactor of Spg. For example, putting 



below 



9 / \ fe 



jives Sqr^ki 



(7.12) 



The morphism D is defined as 



I 



(7.13) 



We extend our notation for the elements of H to i^{X) = Hom(y, y (8) X) and ijo{X)* 
Hom(y (g) X, V) for any object X of C. Such elements are denoted by 



(7.14) 



and they are indeed elements of H if we impose for each morphism f-.X—i-Y the relations 



1^ r— L- 

B 



A 

"T" 



Y 



B 



A 

"T" 



Y 



(7.15) 



Before we present the algebra structure of H, we recall the recoupling identity 



s : ^ ; 

iel ^ ■'la. 



(7.16) 
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which holds whenever the triples (a, b, j) and (c, d, j) on the left hand side are admissible. 
Here the quantum 6j-symbols can be computed as follows. 



a b i 
c d j 




_I__L 



X 



A 
I 



"1 — n~r 



'i?(a, d, i)'d(J), c, i) 
The algebra structure {H, jj,, rf) is given by 

,(1) = 

In terms of our favourite bases, the multiplication reads 
The antipode of H is given by 



(7.17) 



X(g)Y 



(7.18) 
(7.19) 

(7.20) 



u\ Aa'&{p,b,uMj,e,u) 

1 










CI 




1 ^.l.v) = 


1 B 1 




A 
1 


X- 



(7.21) 



ID" 



which reads in our basis 



anj>l iJ^SOi _r„r. , (V.)! Aq^{r,s,j) 



(7.22) 



We finally list the coquasitriangular structure 




(7.23) 



and the universal ribbon form 



(7.24) 
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A Background on tensor categories 

In this appendix, we collect the relevant definitions and properties of monoidal, autonomous, 
braided monoidal, ribbon and abelian categories, following Preyd-Yetter [41], Schauenburg [13], 
Turaev [2] and MacLane [39]. In order to keep the appendix short, we write down identities 
involving morphisms rather than the more familiar commutative diagrams. 

A.l Monoidal categories 

Definition A.l. A monoidal category (C, ®, 1, a. A, p) is a category C with a bifunctor 
iS> - C X C ^ C {tensor product), an object 1 G |C| {monoidal unit) and natural isomorphisms 

ctx,Y,z '■ {X ^Y) Z ^ X 1^ {Y (>ij Z) {associator) , Xx 10 X X {left-unit constraint) and 
px '■ X iS) 1 ^ X {right-unit constraint) for all X,Y,Ze \C\, subject to the pentagon axiom 

ax,Y,z®w ° oixm,z,w = (idx 0oiY,z,w) ° olx,y®z;w ° {olx,y,z ® id^^) (A.l) 
and the triangle axiom 

px ® idy = (idx ®\y) o ax,i,y (A.2) 

for all X,y,Z,Ty G |C|. 

Definition A.2. Let (C, (8>, l,a, A,p) and (C',®', l',a', A',p') be monoidal categories. 

(1) A lax monoidal functor {F,Fx,y,Fq): C ^ C consists of a functor F: C ^ C, mor- 
phisms Fxx '• FX(E)' FY — > F{X0Y) that are natural in X, y G and of a morphism 
Fq: 1' ^ F1, subject to the hexagon axiom 

Fx,Y<^z o {idpx ®'Fy,z) o a'px,FY,FZ = F(xx,y,z ° Fx®y,z ° {Fx,y <8)' id^z) (A.3) 
and the two squares 

^'fx = F\xoFi^xo{FoC^'idFx), (A.4) 

p'fx = FpxoFx,io{[dFx0'Fo) (A.5) 

for all X,Y,Z e \C\. 

(2) An oplax monoidal functor {F, F^'^ , F^) : C ^ C consists of a functor F:C C, 
morphisms F^'^ : F{X (g) F) -> FX ®' FY that are natural in X,Y G and of a 
morphism F^ : Fl — > 1', subject to the hexagon axiom 

{Idpx (^'F^'^) o F^'^®^ o Fax,Y,z = a'FX,FY,FZ <= {F""'^ ®' id^z) o F^®^'^ (A.6) 
and the two squares 

FXx = X'fx ° (F^ ^' ^dpx) o F^'^ , (A.7) 
Fpx = o (idFX o F^'i (A.8) 

for all X,Y,Z £ \C\. 

(3) A strong monoidal functor {F, Fx^y,Fo) : C ^ C is a lax monoidal functor such that all 
Fx,Y, X,Y € \C\ and Fq are isomorphisms. 
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Definition A. 3. Let (F,Fx,y,Fo): C ^ C and {G,Gx,y ,Go) : C ^ C he lax monoidal 
functors between monoidal categories C and C. A monoidal natural transformation r]: F ^ G 
is a natural transformation such that 

'nx(S)Y o Fx,Y = Gx,Y o ivx ®' w) (A. 9) 

for all X,Y £C. 

There is a similar notion of monoidal natural transformation if the functors are oplax 
rather than lax. Compositions of [lax, oplax, strong] monoidal functors are again [lax, oplax, 
strong] monoidal. The following result is well known, but quite laborious to verify. 

Proposition A. 4. Let C and C be monoidal categories and F ^ G: C — > C be an adjunction 
with unit r/ : Ic ^ G o F and counit e : F o G ^ Ic ■ 

(1) If F has an oplax monoidal structure {F, F^^''-''^ , F^), then G has a lax monoidal struc- 
ture {G,Gdi,D2^Go) as follows, 

GduD, = G(eDi®£D,)oG(F^(^^)'^(^^))or?G(DO^G(D.), (A.IO) 
Go = G(FO)or/i. (A.ll) 

(2) If F is strong monoidal, then both rj and e are monoidal natural transformations. 

(3) If F is strong monoidal and the adjunction is an equivalence, then G is strong monoidal. 

By an equivalence of monoidal categories, we mean an equivalence of categories such that 
one of the functors is strong monoidal. One can then chose the other functor in such a way 
that one has an adjoint equivalence and apply Proposition \AA\ items (2) and (3). We denote 
such an equivalence by C ~(g) P. 

A. 2 Duality 

Definition A. 5. Let (C,®, l,a,X,p) be a monoidal category. 

(1) A left-dual {X* , ev x , coev x) of an object X G \C\ consists of an object X* G \C\ and 
morphisms evx : X* 0X^1 (left evaluation) and coevx : 1 ^ X X* {left coevalu- 
ation) that satisfy the triangle identities 

Px ° (idx evx ) o ,x o (coevx <8) idx ) o A^^ = idx , (A. 12) 

Ax* o (evx (X)idx*) o a^\x,x* ° i^^^* ®coevx) o p^l = idx* ■ (A. 13) 

(2) A right-dual (A, evx, coevx) of A G \C\ consists of an object X G \C\ and morphisms 
evx : X iSi X —I- 1 {right evaluation) and coevx : 1 — > A ig) A (right coevaluation) that 
satisfy the triangle identities 

Ax o (evx (g) idx) o ° ^^^^ ^coevx) o p'^ = idx, (A. 14) 

Py ° (idj^ (gevx ) o x x ° (coevx <X) id;^) ° ~ ' 

Definition A. 6. Let (C, 0, 1, a, A, p) be a monoidal category and /: A ^ y be a morphism 
of C. 
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(1) If both X and Y have left-duals, the left-dual of / is defined as 

/* := Ax* o (evy (8)idx*) o <^y*.y,x* ° (idy* ^{f ^ ^dx*)) o (idy* ^coevx) o pyl- (A. 16) 

(2) If both X and Y have right-duals, the right-dual of / is defined as 

f ■= Px° (idy'^'evy) o aj^yy o ((idj^(8)/) (g) idy) o (coevx <8) idy) o A^^. (A. 17) 

Definition A. 7. A [left-, right-] autonomous category is a monoidal category in which each 
object is equipped with a specified [left-, right-]dual. An autonomous category is a monoidal 
category that is both left- and right-autonomous. 

Note that every autonomous category is monoidally closed because the functor — X* is 
a right adjoint oi — iSi X and X (g) — is a right-adjoint of X (g) — for all X e In particular, 
the tensor product in an autonomous category preserves colimits in both arguments. 

A. 3 Ribbon categories 

Definition A. 8. A braided monoidal category (C, g), 1, a. A, p, a) is a monoidal category 
(C,(g), l,a,X,p) with natural isomorphisms ax,Y' X iS> Y —>■ Y iSi X ioi all X,Y G \C\ that 
satisfy the two hexagon axioms 

crx<s,Y,z = az,x,Y ° {crx,z (g idy) o a^^^.y ° (i^x gio"y,z) ° ax,Y,z, (A.18) 

crx,Y<^z = ay,z,x ° (idy ®o-x,z) o Q;y,x,z o (o"x,y (g idz) o "xV.^ (A.19) 
for all X,Y, Z E \C\. The category is called symmetric monoidal if in addition 

o"y,x o o"x,y = idx®y (A.20) 

for all X,Y € \C\. 

Definition A. 9. Let (C, g), 1, a, A, p, a) and (C', g)', 1', a', A', p', a') be braided monoidal cat- 
egories. A lax monoidal functor (F, Fx,y , -Fo) : C ^ C is called braided if 

Fax,Y o Fx,Y = Fy,x o cr'FX,FY (A-21) 

for all X,Y e \C\. 

Proposition A. 10. Let C and C be braided monoidal categories and F H G: C — > C be an 
adjoint equivalence. If F is strong monoidal and braided, then so is G. 

By an equivalence of braided monoidal categories, we therefore mean an equivalence of 
categories one functor of which is strong monoidal and braided. 

Definition A. 11. A ribbon category (C, (g, 1, a, A, p, (— )*, cv, coev, a, u) is a left-autonomous 
category (C, g), 1, a, A, p, (— )*, ev, coev) that is braided monoidal as (C, g), 1, a, A, p, a) with 
natural isomorphisms {ribbon twist) vx - X ^ X such that 

yx®Y = crY,x o c7x,y o {vx g) vy) (A.22) 

and 

{vx <g idx*) o coevx = (idx ®vx*) ° coevx (A. 23) 

for all X,Y e \C\. 
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Note that in every ribbon category C, there are natural isomorphisms tx' X ^ X** for 
all X G |C|, given by 

Tx = Ax** o (evx <X) idx**) o {o'x,x* <X) idx**) o {j^x ® coevx*) ° Px^, (A. 24) 

that satisfy (tx)* = t^I- 

Every ribbon category C is not only left- autonomous, but also right-autonomous with 
{X,evx, coevx) where X = X* and 



evx 



evx oax,x* o (i^x idx*), 
(idx* <S)i^x) o o-x,x* o coevx 



(A.25) 
(A.26) 



coevx 

for all X G \C\. The left- and the right-dual of any morphism f:X^Y agree, /* = /. 

Definition A. 12. Let (C, (g), 1, a, A, p, {—)*, cv, coev, a, u) be a ribbon category, X G |C|, and 
/: X ^ X he. a, morphism of C. Then we define 

(1) the trace of / by 

trx(/) := evx o (/ ® idx*) o coevx : 1 ^ 1, (A.27) 

(2) the dimension of X by 

dim(X) := trx(idx). (A.28) 
Proposition A. 13. Let (C, (g), 1, a. A, p, {—)*, ev, coev, a, v) be a ribbon category. Then 

(1) trx(/) = trx*(/*) for sl\f:X^X. 

(2) trx(5 o /) = try(/ 05) for ah f : X 8Jid g: Y ^ X. 

(3) trxi(g,X2(^i ® ^2) = trxi(/ii)trx2(/i2) for all hj-. Xj Xj, j G {1,2}. 

Definition A. 14. Let C and C' be ribbon categories. A ribbon functor {F, Fx,y, Fq) : C ^ C 
is a lax monoidal functor that is braided and satisfies 



Fvx = v'fx 

for all X G \C\. 

Proposition A. 15. Let C and C be ribbon categories and F -\ G: C 
equivalence. If F is strong monoidal and ribbon, then so is G. 



(A.29) 



C be an adjoint 



By an equivalence of ribbon categories we therefore mean an equivalence of categories one 
functor of which is strong monoidal and ribbon. The following proposition states what strong 
monoidal ribbon functors do to traces. 

Proposition A. 16. Let C and C be ribbon categories and (F, Fx,y , -Fo) : C — C be a strong 
monoidal ribbon functor. Then for each morphism / : X — > X of C, the diagram 




(A.30) 



commutes. 
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A. 4 Abelian and semisimple categories 

Definition A. 17. A category C is called Ah-enriched if it is enriched in the category Ab 
of abelian groups, i.e. if Hom(X, F) is an abelian group for all objects X,Y e \C\ and if the 
composition of morphisms is Z-bilinear. 

Let k he a commutative ring. A category C is called k-linear if it is enriched in ^Al, 
the category of A;-modules, i.e. if Hom(X, F) is a fc-module for all X,Y e \C\ and if the 
composition of morphisms is /c-bilinear. 

A functor F: C C between [Ab-enrichcd, /c-linear] categories is called [additive, k- 
linear] if it induces homomorphisms of [additive groups, fc-modules] 



for all X,Y e \C\. 

Definition A. 18. A monoidal category (C, (g), 1, a. A, p) is called [Ab-enriciied, k-linear] if C 
is [Ab-enriched, A;-linear] and if the tensor product of morphisms is [Z-bilinear, A;-bilinear] . 

Definition A. 19. An additive category is an Ab-enriched category that has a terminal 
object and all binary products. A preabelian category is an Ab-enriched category that has 
all finite limits. An abelian category is a preabelian category in which every monomorphism 
is a kernel and in which every epimorphism is a cokernel. 

A functor F: C —>■ C between preabelian categories is called exact if it preserves all finite 
limits. 

Recall that in an Ab-enriched category, an object is terminal if and only if it is initial 
and if and only if it is null. Every additive category has all finite biproducts. An equivalence 
of [Ab-cnriched, /c-linear] categories is an equivalence of categories one functor of which is 
[additive, /c-linear]. 

Definition A. 20. Let C be a /c-linear category, k a commutative ring. 

(1) An object X e \C\ is called simple if End(X) = k are isomorphic as /c-modules. 

(2) An object X G \C\ is called null if End(X) ^ {0}. 

(3) The category C is called semisimple if there exists a family {Vjjj^-j of objects Vj G \C\, 
I some index set, such that 

(a) Vj is simple for all j G /. 

(b) Rom{Vj, Vi) = {0} for all jj e I for which j £. 

(c) For each object X G |C|, there is a finite sequence . . . , G € INq, 



Hom(X, Y) Hom(FX, FY) 



(A.31) 



and morphisms 



: Vj, X and ttI ' : X ^ Vj, such that 



n 



X 




(A.32) 



and 




(A.33) 
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(4) The category is called Enitely semisimple (also Artinian semisimple) if it is semisimple 
with a finite index set / in condition (3). 

Proposition A. 21 (see [2, Lemma II. 4. 2. 2]). Let C be a /c-linear category, k a commutative 
ring. If C is [finitely] semisimple, then there is a [finite] set ^7 C |C| of objects each of which 
is non-null such that 

^> : Hom(X, J) (g) Hom( J, y) ^ Hom(X,y), 

Jej 

f®9 ^ gof, (A.34) 

is an isomorphism for all X,Y £ \C\. 

Lemma A. 22. Let C be a fc-linear category, k a field, and Hom(X, Y) be a finite-dimensional 
vector space over k for all X, y G |C| and let J' he a set of objects that satisfies the conditions 
of Proposition IA.21i 

(1) Each J £ J \s simple. 

(2) If X G |C| is simple, then there exists some Jx ^ J such that X = Jx- For all other 
J £ J, J ^ Jx.^a have Hom(X, J) = {0} = Hom( J, X). 

(3) If X,y G |C| are both simple, then either X ox Hom(X,y) = {0}. 

Proof. The idea for this proof is that both source and target of the isomorphism ()A.34p are 
finite-dimensional vector spaces over k. We can therefore count dimensions. □ 

Corollary A. 23. Let C be a semisimple /c-linear category with family {Vj}-,-^ of simple 
objects, k a field, and IIom(X, Y) be a finite-dimensional vector space over k for all X,Y G |C|. 
If X G C is simple, then there exists some j G Vj such that X = Vj. 

A. 5 Ab-enriched and non-degenerate ribbon categories 

Proposition A. 24. Let (C, 0, 1, a. A, p, (— )*, ev, coev, a, u) be an Ab-enriched ribbon cate- 
gory. 

(1) The abelian group k := End(l) is a unital commutative ring with respect to the com- 
position of morphisms. 

(2) The category C is A;-linear as a monoidal category. 

(3) For all objects X G |C|, the trace 

trx ■■ Hom(X, X) k, (A.35) 

is A;-linear. 

(4) For all objects X,Y £ \C\, the map 

Hom(y,X) OHom(X,y) ^ A:, f ^g^tvx{f og) (A.36) 

is /c-bilinear. 

Definition A. 25. An Ab-enriched ribbon category (C, 0, 1, a. A, /3, (— )*, ev, coev, cr, z/) is 
called non-degenerate if the bilinear forms ()A.36P are non-degenerate for all objects X,Y G |C|, 
i.e. if tvxi f o <?) = for all g: X ^ Y implies / = 0. 



Tannaka-Krein reconstruction and modular tensor categories 



49 



If we work with semisimple ribbon categories, we also require the set of representatives of 
the simple objects to contain the monoidal unit and to be closed under duality. 

Definition A. 26. An Ab-enriched ribbon category (C, 0, 1, a, A, p, (— )*, ev, coev, o", z^), k = 
End(l), is called [finitely] semisimple if the underlying /c-linear category is [finitely] semisimple 
and the family {^ jj of Definition IA.20( 3) satisfies the following conditions. 

(1) There is an element G / such that Vq — 1- 

(2) For each j S /, there is some j* € / such that Vj* = . 

Proposition A. 27. Let C be a semisimple Ab-enriched ribbon category with family {Vj}j^j 
as in Definition IA.20( 3). Then for all j G /, diml/^ is invertible in k [2, Lemma IL4.2.4]. 

The following proposition gives conditions under which ribbon functors preserve traces. 

Proposition A. 28. Let C and C' be semisimple /c-linear ribbon categories, k a field, and 
(F, Fx^Yi Fq) : C ^ C be a strong monoidal /c-linear ribbon functor. Then for each morphism 
f: X oiC, 

trx{f)=tvFx{Ff). (A.37) 

Proof. Since the monoidal units of C and C are simple, trx(/) = Ajidj and tip f{Ff) = 
Aj idi' for some ^f,^'f ^ k. By A;-linearity of F, Ftvxif) = Xfidpi, and so (lA.SOh implies 
that Xfidpi = X'jidpi and therefore Aj = Aj. □ 

Proposition A. 29. Let C be an Ab-enriched non-degenerate ribbon category, k = End(l) 
be a field and ilom{X,Y) be a finite-dimensional vector space over k for all X, y € |C|. If 
C satisfies all conditions of a finitely semisimple category of Definition IA.20I except maybe 
for (|A.33p . then the and tt^ can be chosen in such a way that ()A.33P holds as well. 

Proof. Consider the bilinear form 

^' : Hom(X, y) Hom(y, X) ^ k, 



f^g ^ ^tr^(/o^f ^ovrf ^o5)(dimF.(x))-^ (A.38) 

f ■y'\ ^ 

which is non-degenerate by Proposition IA.271 The {i^ )^ form a basis of iiom{V , X), and 
since k is a field and the Hom spaces are finite-dimensional vector spaces, we can choose a 
dual basis {t^^^^)^ of IIom(X, V). Then for any 1 < p,q < n^-^^ and p ^ = '^{1:'^^ (g) Zg^^) 
implies vTp o iq = by non-degeneracy. Finally, li p = q, 1 = ^{tt), ® ip ) implies that 
TTp oip ' = id (X) because V.(x) is simple. □ 
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